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finding a fair matching of students to academic trajectories is discussed in the paper as a mathematical
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Objectives. The goal of the paper is to provide an exact mathematical formulation and corresponding
numerical results to the problem of finding a fair matching of students to academic trajectories, their
preferences and academic performance was taken into account.

Method. The optimization model was developed to find a matching in the many-to-one two-sided
market, the corresponding concept of stable matching and conflicts was discussed.

Results. The optimization model of finding a fair matching was verified by numerical simulations with
the full-scale data for the students of the “Economics” academic program of the Saint Petersburg State
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Introduction

The goal of the “Smart University” project is to
improve the quality, efficiency and controllability
of the educational process of the university via the
use and implementation of mathematical methods

This work is licensed under a Creative Commons
Attribution 4.0 International License

and approaches to solving problems that arise
during the implementation of its various stages:
Matching search problems:
- establishing an effective process for
matching students according to academic
trajectories;
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— creation of a curriculum designer for basic
professional educational programs;

— automation of the process of matching the
teaching load of the department, taking into account
the preferences of teachers (Ivanchenko, 2021).

Schedule Planning Tasks:

- formation of an optimal schedule of classes
at the university for the semester.

Analytic tasks:

- analysis of the university’s admissions
campaign;

— Predictive learning analytic for the uni-
versity.

The result of the project is a collection of
mathematical models, the totality of which
represents the mathematical core of the “Smart
University” information system for automating
the solution of these problems as part of the
educational process at the St. Petersburg State
University of Economics.

In 1962 D. Gale and L. Shapley (2013) proposed
a two-sided market model and an algorithm for the
marriage problem and college admission problem,
where colleges have an upper quota on the number
of students admitted. Since then, two-sided market
models have found wide application in various
problems. (Manlove, 2013; Manlove et al., 2002).

This study considers the proposed process
of matching students according to the academic
trajectory of the university, which will generate a
fair solution based on two-sided markets. Let the
university have areas of training where students
after the first year of study can choose a further
academic trajectory. In their personal accounts,
students rank academic trajectories in order of
greatest attractiveness: the first academic trajectory
in the student’s preference list is the most attractive
academic trajectory for the student, the last profile
in the student’s preference list is the least attractive
academic trajectory for that student. The student
also has the option not to rank academic trajectories.
academic trajectories, when selecting a student
for their training program, consider the student's
Academic performance. Each academic trajectory
has the ability to open several groups with minimum
and maximum number of students specified for the
academic trajectory. An academic trajectory group

cannot accept more students than the specified
upper quota. Also, if no groups have opened for an
academic trajectory, then this academic trajectory
must be closed for a year. If the required number
of students have chosen an academic trajectory as
the first priority, then this academic trajectory must
be opened. Based on the input information, it is
necessary to find a fair matching of students across
training academic trajectories, while maximizing
student satisfaction, taking into account the quotas
of the academic trajectories.

This problem can be considered as a problem
of finding a stable matching in a two-sided market,
where students and academic trajectories with
loose preferences will act as market sides.

In the study (Gale & Shapley, 2013) an algorithm
that allows finding a stable matching for the college
admission problem, where colleges have an upper
quota on the number of applicants they can accept
was proposed for the first time. Further research
on the number of applicants assigned to each
university and the possibility of adding a lower
quota were carried out. Thus, in the study of A. Roth
(1986) it was shown that in all stable matching the
number of applicants assigned to colleges is the
same, thus it is impossible to find a matching where
more applicants would be assigned to less popular
colleges. In addition, it was shown that when a lower
quotaisintroduced, a stable matching may not exist
at all (Fragiadakis et al., 2015).

Monte (2013) proposed non-manipulated
Pareto-efficient algorithm for matching workers
among company projects, where for each project it
is necessary to assign number of workers within the
specified lower and upper quotas, or not assign them
atall, but only project workers have preferences. This
problem is an extension of the well-known house
allocation problem. (Hylland & Zeckhauser, 1979).

However, if agents' preferences are not strict, then
the number of applicants assigned to universities
may vary (Diebold & Bichler, 2017). An integer
optimization model for solving the allocation
determination problem with the maximum
number of agents participating in the allocation
was proposed in (Rothblum, 1992), however, such
a problem is NP-complete (Manlove et al., 2002).
There are various approaches allowing to find a
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matching on a two-sided many-to-one markets with
a lower quota, for example in the study (Fleiner &
Kamiyama, 2016) a matroid-based approach for
matching search was presented. However, it has
been shown that algorithms used to find allocations
with constraints by the number of agents that must
be assigned to one of the sides are often not Pareto
efficient (Kamada & Kojima, 2015).

This study proposes an approach based on
integer programming for the solution of the
problem of finding the matching of students
according to academic trajectories.

The study consists of the following parts:
description of the problem, which presents the
formal problem statement; research methods,
which describe the research methodology, as well
as the proposed mathematical model; results,
which provide numerical results for the proposed
mathematical formulation; discussion of the
results, which compares existing approaches with
the proposed one and conclusion.

Problem description

Given a university that has many academic
trajectories C. There are a number of students
studying at the university S, who need to rank
academic trajectories in order of preference. This
is the way used to define non-strict complete
preferences P,(C) for each student s€ S across
multiple academic trajectories. Based on student
performance results Snon-strict overall preferences
can be obtained P.(S) academic trajectories for a
variety of students, where ¢ € C.

A university for every academic trajectory ¢ € C
defines the maximum number of groups g, which
can be opened for the profile ¢ € C. The university
also determines the lower and upper quotas g, and
q, for each opened academic trajectory group ¢ € C
(Roth, 2008). Each open academic trajectory group
cannot have fewer students than ¢, if the group
cannot be assigned at least g, students, then the
group cannot be open. If no academic trajectory
group opens, then this academic trajectory should
be closed for the considered academic year. Also,
each group cannot have more than g, students.

Some training academic trajectories must
be open. Let C_ < C is a subset of academic

open
trajectories that must be open.

It is necessary to find the matching of students
according to training academic trajectories in a
way which will allow to maximize the value of the
following optimization criteria:

— satisfaction of students and academic
trajectories from matching;

- number of open academic trajectories, in
this case, each student must be assigned to one
academic trajectory, and students must be assigned
to each academic trajectory within the quotas
determined by the requirements of the university.

Research methods

If an academic trajectory can recruit several
groups of students, then the maximum number of
groups g/, which can be opened on the academic
trajectory ¢ € C, is defined as follows:

NEDIP oS

open

4

g. =minq g,

The matching pc S xC is subset of pairs;
u(s) eC is a variety of academic trajectories
to which the student is assigned s; pc< S is set
of students who are assigned to the academic
trajectory c.

Matching p is valid if it is true that:

1) |u($)| =1, Vs € S—each student is assigned
to exactly one academic trajectory;

2) for each student academic trajectory group
assigned within the quota, e. g., there is a non-
negative integer z,, indicating the number of open
groups on the academic trajectory ¢ € C such that
q.z. <|n(c)<qz andl<z <glifceC ,,and
.z, <|wc)<qz, and 0<z <gl,ifceC, -
for each open academic trajectory, the number
of students assigned to each academic trajectory
group, within the quota.

If agents’ preferences are not-strict, then several
types of stability are distinguished (Irving, 1994), in
this study a weakly stable matching is considered.

Acceptable matching p is called weakly stable
if the following conditions are met:

1) there is no blocking pair (s,c) €S xC\
and c are open academic trajectory:

a) > C, ¢’ en(s) - the academic trajectory
of the blocking pair is strictly preferable to the
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academic trajectory assigned to the student s in
matching;

b)3s" ep(c): s>, 5" v|u(c)|<q.z, -astudent
from a blocking pair is strictly preferable to at
least one of the students assigned to the academic
trajectory c or upper quota ¢ not exhausted;

2) there is no blocking coalition, e. g. closed
academic trajectory ¢ or an unopened group
of the academic trajectory and a subset of stu-
dents S'c S': ‘S" > q_such that ¢ = ¢', ¢’ ep(s),
Vs € S - the academic trajectory of the blocking
coalition is strictly preferable to the academic
trajectory to which each student of the blocking
coalition is assigned.

In the study (Boehmer & Heeger, 2022) authors
showed that the matching search problem, where
each academic trajectory group can be assigned
students within given upper and lower quotas or
not assigned at all, is NP-complete.

This problem can be considered as an integer
programming problem (Minu, 1990).

Let weight(s), VseS means a weighting
factor calculated based on the student's weighted
average score s. This coefficient characterizes
the importance of minimizing the number of
blocking pairs and coalitions in which the student
participates s.

Letutil,, V(s,c) e SxC —utility for the student s
from appointment to academic trajectory c. Utility
is calculated based on the student's preferences.

The following variables are defined for the
problem:

— X,,V(s,c) €SxC is a binary variable that
takes the value 1 if the student s assigned to
academic trajectory c, and 0 otherwise;

- w,,Y(s,c) eSxC is a binary variable that
takes the value 1 if the pair (s, ¢) a blocking pair
for a weakly stable matching, and 0 otherwise;

- z,VceC is an integer variable indicating
the number of groups opened on the academic
trajectory c;

- f.,Vc eC is a binary variable that takes the
value 1 if for the academic trajectory c less than
&. groups open (e. g. blocking coalitions for the
academic trajectory c can exist);

-Y., V ¢ eCisabinaryvariable that takes the
value 1 if for the academic trajectory c there is a

coalition blocking the weakly stable matching
and 0 in the opposite case;

- 1,,Y(s,c) eSxC is a binary variable that
takes the value 1 if for the academic trajectory ¢
less than g’ groups open and there is a blocking
coalition (of weakly stable matching), which
includes the student s, and 0 otherwise;

- a,VceC\C,,, is a binary variable that
takes the value 1 if at least one group is of the
education programme c opened.

The optimization criterion that ensures the
minimum number of blocking pairs and the number
of students participating in blocking coalitions for
a weakly stable matching has the form:

> weight(s)(w,, +1,.) — min. (1)

seSceC
The optimization criterion allowing to maxi-

mize the number of open academic trajectories
can be formulated as follows:

a, — max. )

. @

Maximizing matching utility for students:
D> util x, — max. (3)

seSceC
In this case, each student must be assigned
exactly to one academic trajectory:

ZXSC =1
ceC

Vs eS.
Each academic trajectory group either does
not open, or students are assigned to each group
within the quota:

42 <Y X

seS
zxsc < qc ’ Zc; (5)
seS

V¢ eC.
Constraints that determine blocking pairs
(weakly stable matching):

S| x,. + > Xy + N > X.2qz - S|w;
S'z.S: c'=C (6)

s'£S c'#C

V(s,c) eSxC.

(4)

Constraints that determine blocking coalitions
(weakly stable matching):
> 2 X < =1+ [S[(1-£,) +[S]v.;
seSc-c' (7)
VceC;
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rsc e ZXSC' +yc _1’
-’ (8)

Vv(s,c) eSxC.
Constraints relating the number of open
groups and the variable of type f:
8 28 ~z;
)
V¢ eC.
Constraints that determine whether education
programme is open:

gcaCZZC;
V¢ eC. (19
Subject to:
X, W, T, €{0,1} V(s,c) eSxC;
z, €{l,...,g.} ceC,,;
ZCE{O,...,gC} ceCN\C,.; (11)
a 6{0,1} ceC\ (e
foy. E{O,l} c eC.
Results

The implementation of the presented solution
methods was carried out by Wolfram Mathematica
13.2' using commercial optimizer Cardinal
Optimizer?.

Calculations were made for initial data with
the following characteristics:

— 316 students, where 123 students of state-
financed education, 193 students of contract-
financed education;

— 7 academic trajectories, four of which must
open at least one group, but no more than five,
exactly five groups must open for one academic
trajectory, for the remaining two academic
trajectories the maximum number of possible open
groups is five;

- the ranges of the permissible number of
students in a group for all academic trajectories
are the same, from 25 to 36 people;

- the weighting coefficients of the disciplines
are equal and identical for all academic trajectories;

- 9 students are indifferent in the choice
between all academic trajectories.

! Wolfram Mathematica Documentation. URL: https://
reference.wolfram.com/language

2 Cardinal Optimizer (COPT) Documentation. URL:
https://arxiv.org/pdf/2208.14314.pdf

According to the results of the calculation
performed according to the mathematical
formulation (1)-(11): 269 students were
assigned according to the first priority,
26 students were assigned according to the
second priority, 11 were assigned according
to the third and one student to the fourth
priority (88 % of students who voted were
allocated to the first priority). The multi-
criteria optimization problem was solved using
the lexicographic method (Charnes & Cooper,
1962), the search for a solution by the optimizer
took 353 seconds.

For the given calculation parameters, there
is no weakly stable matching; in the solution
there are 29 blocking pairs, while there are no
blocking coalitions.

For the academic trajectory “Finance and
Credit” 5 groups were opened, for the academic
trajectories “Economics of Enterprises and
Organizations” and “Mathematical Modelling
and Data Analysis in Economics” two groups
were opened, for the rest (except for the academic
trajectory “Statistical Analysis and Modelling of
Socio-Economic Processes”, which is closed)
one group was opened. For each academic
trajectory, the number of students assigned to
it was: “Finance and Credit” — 125, “Economics
of Entrepreneurship” - 31, “Accounting, Analysis
and Audit” - 28, “Economics of Enterprises
and Organizations” - 55, “Global Economy and
International Markets” — 25, “Mathematical
Modelling and Data Analysis in Economics” - 52,
“Statistical analysis and Modelling of Socio-
Economic Processes” — 0.

Discussion

Usually, when solving problems of finding a
matching for many-to-one markets, where the
agents of one side can be assigned 0 or within
the range from the minimum to the maximum
quotas of the agents of the other side, algorithms
based on a modification of the Gale — Shapley
algorithm are used (Gale & Shapley, 2013).
For example, in the study of Bir et al. (2010)
the algorithm used to match students among
training courses was described. This algorithm
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involves sequentially running the Gale — Shapley
algorithm and excluding courses where the
minimum quota for the number of students was
violated. The advantage of this algorithm is its
speed, but the disadvantage is the possibility of
obtaining a matching with blocking coalitions
or the absence of a solution at all, even in cases
where an acceptable matching exists.

Compared to the algorithm (Bir et al.,
2010), the model proposed in this study always
returns a weakly stable matching, if it exists, or
a matching with a minimum number of blocking
pairs and conflicting students, otherwise. At the
same time, the integer programming problem
is computationally complex, and therefore
shows lower performance, but, nevertheless,
allows to obtain a solution for full-scale data
in a reasonable time.

Conclusions

The study proposes an exact mathematical
formulation and numerical solution to the
problem of finding a stable matching (or, in case
of its absence, a near-stable matching) of students
of a certain education program according to the
training academic trajectories of the university.

The mathematical formulation is a multi-
criteria integer programming problem that uses
the following optimization criteria: minimizing
blocking pairs and the number of students
participating in blocking coalitions for a weakly
stable matching, maximizing the number of
academic trajectories opened for this year, as
well as maximizing student satisfaction from
matching by academic trajectories.

A mathematical model can be considered
not only as a tool that allows solving a given
problem automatically, but also as a decision
support tool that allows an expert to vary the
order of optimization criteria, their weighting
coefficients, use various methods for finding
solutions to multi-criteria problems, and
also choose the most effective solution from
an expert's point of view. At the same time,
due to the approach based on mathematical
programming, additional optimization criteria
and constraints can be added to (or excluded

from) the model. Additional optimization
criteria may include: minimizing the number
of created groups where students are matching,
since additional study groups create an
additional financial burden for the university;
maximizing the utility function of academic
trajectories and others.

The ability to vary the model parameters
provides flexibility in the approach and allows
taking into account the resources and wishes of
departments. Department resources are taken
into account by entering information about the
minimum and maximum size of groups for the
academic trajectory, as well as the minimum and
maximum number of groups for the academic
trajectory. The wishes of each department can
be taken into account by setting weighting
coefficients for disciplines, on the basis of which
the student’s weighted average score and, as a
result, student academic trajectory preferences
are calculated.

Further research includes studying the
possibility of speeding up the calculation, in
particular, by including additional cutting
planes. In this study, only one type of stability
was considered, the weakly stable matching.
Other types of stability, such as strongly-stable
and super-stable also should be studied. However,
when constructing models with “stronger” types
of stability, a significant increase in the search
time for the optimal solution is predicted, which
also requires additional study.

The result of the study is a mathematical
model for solving the problem of matching
students according to training academic
trajectories as a problem of finding a stable
matching for two-sided market. This model is
part of the mathematical core of the “Smart
University” information system, designed
to automate problem solving as part of the
educational process at the St. Petersburg State
University of Economics.
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«YMHbBIVi YHUBEPCUTET»: CIIpaBedJIuBOe pacipeneleHne CTyIeHTOB
10 Y4€OHBbIM HPOPUIIM

0. M. Bacunbes!, E. B. I'maszynoBa?, I. M. ®puamaH>>

1,2,3 CaHKT-ITeTepOyprcKkuii rocyaapCTBEHHbI SKOHOMUYECKNI YHUBEpCUTET, yi1. CagoBasi, 21,
191023, CankTt-IleTepbypr, Poccuiickas ®enmepaiiust

IIpengmeT. OmHMM U3 3TANIOB peanu3alnuyu MHPOPMAIMOHHON CUCTeMbI «YMHBINI YHUBEPCUTET» B
CaHkT-ITeTep6yprcKOM rocynapCTBEHHOM 9KOHOMUYECKOM YHUBEPCUTETE, 11€JTb KOTOPO#1 — IOBBIIIEHME
3 dekTMBHOCTY U KauecTBa 0OyUeHUS B YHUBEPCUTETE MOCPEICTBOM aBTOMATMU3ALMUM PA3JIMUHBIX
MIPOIIECCOB, SIBJIIETCS pa3paboTka MaTeMaTUIECKOV MOIENH, IIO3BOJISIIOIIEH OMITMMMU3YPOBATH ITPOLIECC

pacripeieJieHus CTyIeHTOB IT0 YUeOHBIM ITPOPIIISIM.

Lenb. CraTbsi MOCBSIIIeHa MaTeMaTUUeCKOi II0CTaHOBKe 3a/1auM M0y CKa CIIpaBeaJIMBOIO pacCIipenejleHns

CTYOEHTOB I10 y‘-IE6HbIM HpOd)I/IJ'[HM C y4eTOM X Hpe,[[l'[O‘lTeHMf;I M yCrieBaeMOCTM!.

Mertoxa. Mogpenb paspaboTaHa Ha 6a3e IBYCTOPOHHMX PHIHKOB BU/Ia OMMH Ha MHOTO, BBOOUTCS TIOHSITHE

CTabMIBHOCTH, a TaKKe KOHMIMKTOB AJIsI pacCCMaTPMBAEMOTO TUIIA PbIHKA.

PesynbTaThl. ATIpo6aiiys MpoM3BeAeHa Ha ITOJIHOMACIITaOHbIX AaHHbIX CII6I'DY mpu pacopemeneHumn
CTYIEeHTOB Ha MpodwM HaripaBIeHNS «DKOHOMMKAy». UMCIIOBbIE pe3yIbTaThl JEMOHCTPUPYIOT BO3MOXK-
HOCTb MCMOJIb30BAHMSI MOAEIY IJ1s1 pellleHus TTIOCTaBAeHHOM 3a/iaul, HAIM4YMe MMHMMAaJIbHOTO KOJInJe-

CTBa KOHd))'II/IKTOB.

KiioueBsble ¢JIOBa: pacrpeeneHe CTyIeHTOB 10 yUeGHbIM MTPOGUISM, IBYCTOPOHHME PBIHKM, COUe-

TaHuA, cTabuabHOe pacripeneneHmne, HVOKHSA rpaHuiia, MaTeMaTMYeCKoe IMMporpaMMIMpOBaHMe.

Ons nutupoBanus: Bacunbes, 10. M., [nasyHoBa, E. B., & ®punmas, I. M. (2024). « YMHbBIV YHUBEPCUTET»:
CIIpaBeIIMBOE pacrpejesieHye CTyOeHTOB M0 yueOHbIM NpobwmisiM. BecmHuk BopoHeickozo zocydap-
cmeeHH020 yHugepcumema. Cepus: dkoHomuka u ynpasneuue, (1), 16—24. DOI: https://doi.org/10.17308/

econ.2024.1/11838
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