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Abstract 
The purpose of article was to show the possibilities of spatial computer models of phase diagrams in solving of the problems 
of digitalization of materials science. The study of the high-temperature part of the isobaric phase diagram for the Cu–Ni–Mn 
system was carried out taking into account two polymorphic modifications of manganese (dMn and gMn). For a better 
understanding of the phase diagram structure, at the first stage, its prototype was developed with increased temperature 
and concentration intervals between binary points with the preservation of topological structure, which is then modified 
into the model of phase diagram corresponding to the real system. The phase diagram of Cu-Mn-Ni system above 800°C 
was formed by three pairs of liquidus, solidus, and transus surfaces and three ruled surfaces with a horizontal arrangement 
of the forming segment.
Experimental part: the effect of changing the peritectic equilibrium (L + dMn → gMn) to the metatectic one (dMn → L + gMn) 
was revealed. The crystallisation features at the change of three-phase transformation type were considered, the surface 
of change of melt mass increment sign and the vertical mass balances for the three-phase region L + dMn + gMn were 
constructed. The surface of two-phase reaction, on which the change of three-phase reaction type occurs, is a ruled surface 
and is determined, using the algorithm for calculating the change in sign of the mass increment of liquid phase. Three-
phase region, taking into account the surface of type change of three-phase reaction, is divided into six concentration fields 
when projecting into the triangle of compositions. Four concentration fields differ in the crystallisation stages and the 
formed set of microstructures. Isothermal sections were calculated in the temperature range between two minimum points 
arranged in the Cu–Mn and Mn–Ni systems at zero crystallisation interval between the valleys of the liquidus and solidus 
surfaces and taking into account the crystallisation interval.
The spatial model of phase diagram greatly expands the possibilities of computer-aided design of materials. In particular, 
a solution for the problem of type changing of three-phase reaction was obtained, which cannot be realised either by 
thermodynamic calculations or by calculations from first principles.
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1. Introduction 
Information about phase equilibria in the 

Cu–Mn–Ni system is of great importance for the 
creation of high-quality materials and solders 
with high physical and mechanical properties and 
corrosion resistance. In studies [1–2], the effect 
of addition of copper, nickel, and manganese 
for the creation of shape-memory alloys, as 
well as improvement of the physical properties 
of such alloys with the addition of manganese 
was studied. The study [3] investigated the 
thermoelectric properties of alloys based on the 
Cu–Ni–Mn system.

The high-temperature part of the phase 
diagrams of binary systems Cu–Mn, Mn–
Ni and Cu–Ni is well studied. According to 
the generalised experimental data [4–5], a 
minimum is formed on the liquidus and solidus 
lines at 871 °C and 33.7  wt.  % Mn in the 
Cu–Mn system. The system is also characterised 
by the occurrence of a metatectic reaction 
involving two high-temperature polymorphic 
modifications of manganese dMn and gMn at 
1099 °C: dMn  →  L  +  gMn. In [6–7], a detailed 
study in the high-temperature part of the diagram 
rich in manganese, aimed at establishing the 
boundaries of phase regions with dMn and gMn 
was performed. Phase diagrams obtained using 
thermodynamic calculation methods [8–14] are 
in good agreement with experimental data. 

The Mn–Ni system has a similar structure in 
the high-temperature part and also contains a 
minimum point on the liquidus and solidus lines at 
1020 °C and 58.4 wt. % Mn, but unlike the Cu–Mn 
system, the transition from the polymorphic 
form dMn to form gMn occurs according to the 
peritectic scheme at 1170  °C: L  + dMn → gMn 
[6, 15–16]. The data of the experimental study 
were confirmed by the results of thermodynamic 
calculations [8, 17–18]. The Cu–Ni system has the 
simplest topological structure and is characterised 
by the formation of continuous range of the solid 
solutions without extrema on the liquidus and 
solidus lines [4–5, 8, 19–21]. 

For the Cu–Mn–Ni ternary system, in the 
earliest studies [22–25], isotherms were obtained 
for the liquidus and solidus surfaces in the 
temperature range of 1440–800 °C and six 
isopleths. A simplified version of the diagram 
with the formation of continuous range of the 

solid solutions between all components and with 
the absence of a univariant line separating the 
fields of the onset of continuous crystallisation 
of solid solutions based on various polymorphic 
modifications of manganese was shown. At the 
same time, it was stated that if a line connecting 
the minimum points in the Cu–Mn and Mn–Ni 
binary systems is drawn, then the liquidus and 
solidus surfaces will adjoin along this line [24]. 

This assumption was also analysed graphically 
based on hypothetical phase diagrams with 
unlimited solubility of components and 
ternary points of minimum and maximum and 
corresponding extrema in all binary systems 
[26]. It was shown that the systems have contact 
lines between the liquidus and solidus surfaces 
in the direction from binary extrema to the 
ternary one. Isothermal sections with contact 
of liquidus and solidus isotherms along these 
lines were shown. At the same time, at the 
point of contact of the liquidus and solidus 
isotherms, both two fragments of the two-
phase region L + S and two single-phase regions 
(L and S) adjoin. Such sections are typical for the 
section of saddle surfaces [27–28]. In [28], when 
discussing a similar diagram with maxima, the 
author described the contact between surfaces 
only at binary maximum points and at a ternary 
maximum point. On the section, only binary 
maximum points correspond to the contact of 
the liquidus and solidus isotherms. 

In [29], using the example of the Cu–Mn–Ni 
system, the contact of the liquidus and solidus 
surfaces along the line connecting the points of 
binary minima was proved using the Gibbs phase 
rule. Based on the example of an isothermal 
section of a two-phase region without taking 
into account the contact of surfaces, it was shown 
that, assuming two degrees of freedom, two pairs 
of phases are in equilibrium, which contradicts 
the Gibbs phase rule. If the liquidus and solidus 
isotherms have a point of contact with a zero 
crystallisation interval, then, according to the 
authors, the violation of the phase rule does not 
occur. According to the calculations [30], it was 
shown that this line of contact of the liquidus 
and solidus between two minimum points is not 
straight. Experimental confirmation of the line 
corresponding to alloys with a zero crystallisation 
interval in the concentration range (35–44% 
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Mn, 0–15% Ni) was carried out in [31]. However, 
in later studies [32-33] the statement about the 
existence of a line of contact between the liquidus 
and solidus surfaces on the Cu–Mn–Ni diagram 
was proven to be false. According to the DTA 
data using the regression analysis method, the 
equations of the liquidus and solidus surfaces 
for the region of the Cu–Ni–Mn phase diagram 
from 0 to 20% Ni and from 30 to 50% Mn were 
calculated, the isotherms of the surfaces and 
the values of the crystallisation interval for the 
selected section of the diagram were shown. In 
this case, the temperature difference between 
the liquidus and solidus surfaces increases as the 
distance from the Cu–Mn binary system to the 
centre of the diagram increases. 

The surface of the beginning of primary 
crystallisation based on the Cu(Ni) solid solution 
and isopleth drawn from Cu through the middle of 
the Mn–Ni system was obtained using the methods 
of thermodynamic calculation [34]. The authors 
[25] already calculated both liquidus surfaces 
corresponding to Mn and Cu(Ni) and six isopleths 
for the high-temperature part of the diagram. The 
sections were arranged in pairs parallel to the 
binary sides. On two sections located parallel to the 
binary systems Mn–Ni (at 20% Cu) and Cu–Mn (at 
20% Ni), contact of the section lines of the liquidus 
and solidus surfaces was recorded, on two other 
similar sections there was no contact between 
the lines. It should be noted that when discussing 
systems Cu–Ti–Zr [35] and Ti–TiMn2–ZrMn2–Zr 
[36], containing binary systems with a minimum, 
points of contact of the section lines at the 

boundary of the three-phase regions with the melt 
were revealed on the isopleths. 

2. Computer model of the phase diagram 
of the Cu–Mn–Ni system, taking into 
account the zero crystallisation interval

A computer model of the high-temperature 
part of the phase diagram above 800 °C has 
been developed. When constructing a computer 
model of the Cu–Mn–Ni (A–B–C) system, the 
formation of two high-temperature polymorphic 
modifications of manganese (dMn = B, gMn = В1) 
and minimum points in Cu–Mn binary systems 
(minAB) and Mn–Ni (minBC) was taken into 
account. We used data on the structure of binary 
systems according to the reference book [5] 
(Table 1) and the assumption that the liquidus 
and solidus surfaces come into contact along 
the line connecting the binary minima [22–24, 
26, 29–31]. Invariant ternary points with the 
involvement of the melt in the system were not 
present in the system; therefore, the scheme of 
phase reactions has a simplified form (Scheme 1).

The model was developed based on the 
methodology of assembling it from phase regions 
and surfaces using the author’s software products 
[37–38].

The high-temperature part of the phase 
diagram of the Cu–Mn–Ni system above 800 °C 
was formed by three pairs of liquidus, solidus, 
and transus surfaces (upper «liquidus» surface 
tq

B1 and lower «solidus» surface ts
B1), and three 

ruled surfaces with a horizontal arrangement of 
the generating segment (Table 2). It includes two 

Scheme 1. Scheme of phase reactions involving high-temperature manganese allotropes

Cu–Mn (А–В) Cu–Mn–Ni (А–В–С) Cu–Ni (А–С) Mn–Ni (В–С)

B → L+B1 (1170 оС)
kABkBC, BB1

ABB1
C, 

B1B
AB1B

C 

L+B → B1 (1099 оС)
kABkBC, BB1

ABB1
C,  

B1B
AB1B

C 

Table 1. Coordinates of points on the contour of surfaces (zi – weight fractions of components A, B, and C)

z1 z2 z3 T z1 z2 z3 T

A = Cu 1 0 0 1084.87 kAB 0.27 0.73 0 1099

B = Mn 0 1 0 1246 BA
B1 0.142 0.858 0 1099

C = Ni 0 0 1 1455 B1A
B 0.132 0.868 0 1099

B1 0 1 0 1143 kBC 0 0.902 0.098 1170

minAB 0.663 0.337 0 871 BC
B1 0 0.963 0.037 1170

minBC 0 0.584 0.416 1020 B1C
B 0 0.942 0.058 1170
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one-phase (B, B1), three two-phase (L + B (SS), 
L + B1 (SS), B + B1) and one three-phase (L + 
B + B1) regions (Table 3) (SS – solid solution). 
Designations B and B1 correspond to two forms of 
high-temperature manganese allotropy. Since the 
points on the horizontal segments corresponding 
to the metatectic and peritectic reactions are 
located very close, the prototype of the phase 
diagram was initially developed, in which the 
points were separated by compositions and 
temperatures while maintaining the topological 
structure (Fig. 1a–b). Such a prototype provides 
the possibility of more visual representation of 
the phase diagram, understanding the structure 
of the phase regions and interpretation of the 
sections. When introducing the coordinates 
of real points into the prototype [5] (Table 1), 
the final model of the phase diagram of the 
Cu–Mn–Ni system (Fig. 1c–d) is obtained.

3. Results and discussion
3.1. Change of three-phase reaction type 

Based on a computer model in the three-
phase region L+B+B1, a change of the peritectic 
transformation (L + B → B1) to metatectic 
(B → L + B1) was revealed. The three-phase region 
L + B + B1 is bounded by three ruled surfaces qr

AB, 
qr

BA and sr (Fig. 2a, c), while in the projection there 
is a crossing of their directing curves ВA

В1ВC
В1 and 

В1A
ВВ1С

В. The surface of the two-phase reaction 
abc, on which a change of three-phase reaction 

type occurs, is a ruled surface and it is determined 
using the algorithm for calculating the change of 
the mass increment sign of the phase L [39–40]. 
Three-phase region L + B + B1 with a surface of 
change of the three-phase reaction type abc for the 
phase diagram prototype (Fig. 2a–b) and the real 
Cu–Mn–Ni system (Fig. 2c–d) is shown in Fig. 2. 
This surface divides the L + B + B1 phase region 
into two parts, in its “upper” part, the peritectic 
reaction L + B → B1 occurs, in the “bottom” 
part metatectic reaction B → L + B1 takes place 
(Fig. 2b, d). This process is clearly demonstrated by 
the diagrams of vertical mass balance (Fig. 2e–f). 
For the prototype, the mass centre is designated 
as G1, for a real system it is designated as G2. For 
both mass centres in the three-phase region L + B 
+ B1, the B1 phase portion first increases and the L 
and B phase portions decrease, which corresponds 
to the peritectic reaction L + B → B1. At 501.6 °C 
(Fig. 2e) and 1130.71 °C (Fig. 2f), the change of 
mass increment sign of the L phase occurs, i.e., 
the decrease in the L phase portion stops and its 
growth begins, which already corresponds to the 
metatectic reaction B → L+B1.

Concentration projection of the three-
phase region L + B + B1, including the surface 
of the change of the three-phase reaction type 
abc, is divided into six fields, four of which 
differ in ongoing phase transformations and 
microstructure elements (Fig. 3, Table. 4). 
Fields  2, 3, and 6 are characterised by the 

Table 2. Surface contours

Symbol Contour Символ Symbol
Liquidus

qB Mn–kAB–kBC qAC Cu–minAB–kAB–kBC–minBC–Ni

Solidus
sB Mn–BC

B1-BA
B1 sAC Cu-minAB–B1B

A–B1C
B–minBC–Ni

Transus
tq

B1 B1–BC
B1–BA

B1 ts
B1 B1–B1B

A–B1B
C

Ruled surfaces
qr

AB kAB–kBC–B1C
B–B1A

B sr B1A
B–B1C

B-BC
B1-BA

B1

qr
BA kAB–kBC–BC

B1–BA

Table 3. The structure of the phase regions

Phase regions Surfaces Phase regions Surfaces
L + B(ТР) qB, sB, qr

BA B tq
B, ts

B

L + В1(ТР) qAC, sAC, qr
AB B1 sAC, ts

B

L + B + B1 qr
AB, qr

BA, sr B + B1 tq
B, ts

B, sr 
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Fig. 1. 3D model and XY projection of the prototype (a–b) and the real Cu–Mn–Ni diagram (c–d)

Table 4 Microstructure formed in the three-phase region L + B + B1*

Field Phase regions Scheme of phase reactions Microstructure
1 L + B(ТР)

B
B + B1

L + B + B1

L1 → B1, 

B1 → B11p,
Bm → Lm + В1m

B1, 

B11p, 
В1m

2, 3, 6 L + B(ТР)
L + B + B1

L1 → B1, 
Lp + B → В1p

B1, 
В1p

4 L + B(ТР)
L + B + B1

L1 → B1, 
Bm → Lm + В1m

B1, 
В1m

5 L + B(ТР)
L + B + B1

L1 → B1, 
Lp + B → В1p

Bm → Lm + В1m

B1, 
В1p,
В1m

* 1 – primary crystallisation, 1p – primary postperitectic crystallisation, p – peritectic reaction, m – metatectic reaction
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formation of primary crystals В1 and crystals 
B1p, resulting from the peritectic reaction. 
Fields 1 and 4 contain primary crystals В1 and 
crystals B1m released as a result of a metatectic 
reaction. However, since these two fields differ in 
crystallisation stages, field 1 additionally includes 
primary crystals B11p. Field 5 besides В1, includes 
microstructures such as B1p, and B1m, since it is 
the surface on which the change of the three-
phase reaction type takes place.

3.2. Calculation of isothermal sections 
Calculation of isothermal sections based on 

the prototype in the temperature range between 
two minimum points minAB and minBC is shown 
in Fig. 4. On the section coinciding with the 
temperature of the minimum point minBC (Fig. 4a), 

the liquidus and solidus isotherms adjoin at this 
point. As the temperature decreases, the liquidus 
and solidus isotherms gradually approach the 
minimum minAB. Since the model was constructed 
taking into account the zero crystallisation 
interval, there is contact between isotherms 
along the minABminBC line (Fig. 4b–e). The point 
of contact of the liquidus and solidus isotherms 
is a common boundary between the one-phase 
regions L and B1 and two fragments of the two-
phase region L + B1(SS). At minimum temperature 
minAB the isotherms merge into a point, and only 
one phase B1 remains in the section.

Since the question of the crystallisation 
interval along the line connecting the minimum 
points remains controversial, an additional 
model of the phase diagram of the Cu–Mn–Ni 
system was developed with a non-zero value of 
the crystallisation interval along the minABminBC 
line. An isothermal section for such a variant of 
the diagram is shown in Fig. 4e. In this case, the 
one-phase regions corresponding to the melt L 
and the solid phase B1 are separated by a two-
phase region L+B1(SS).

4. Conclusions 
A computer model of the phase diagram 

of the Cu–Mn–Ni system above 800 °C has 
been developed. The high-temperature part of 

Fig. 2. XY projection and 3D model of the change surface of three-phase transformation type in the phase 
region L + B + B1 for the prototype (a–b) and the real system (c–d); calculation of the diagrams of vertical mass 
balances for mass centres G1(е) and G2(f)

Fig. 3. Projection of three-phase region L  +  B + B1 
with division into concentration fields
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the diagram includes 9 surfaces and 6 phase 
regions. It was revealed that in the three-phase 
region L+B+B1 there is a change from peritectic 
equilibrium to monotectic equilibrium, which 
was confirmed by the calculation of material 
balance diagrams. Three-phase region, taking 
into account the surface of type change of three-
phase reaction, is divided into six concentration 
fields when projecting into the composition 
triangle. Four concentration fields differ in the 
crystallisation stages and the formed set of 
microstructures. Based on the prototype of the 
phase diagram, the calculation of isothermal 
sections in the temperature range between two 
minimum points in the Cu–Mn and Mn–Ni binary 
systems was carried out. Taking into account the 
crystallisation interval in the sections, the two-
phase region L + B1(SS) separates the one-phase 
regions L and B1. At a zero crystallisation interval 
along the line connecting the minimum points, 
a point of contact of the liquidus and solidus 
isotherms appears on the sections. At this point, 
the one-phase regions L and B1 and two parts of 
the two-phase region L + B1 (SS) are in contact. 

The spatial computer model allowed us to 
obtain a solution to the problem, which cannot 
be achieved using thermodynamic calculations 
and calculations based on first principles. The 
presented methodology can also be applied 
to other systems with Mn, where the effect of 
a change of the type of phase reaction in the 
three-phase region with two high-temperature 
modifications of Mn can be revealed [41-44]. 
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