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Abstract 
Most grain boundaries found in polycrystalline metals are not special. The angle of their mutual disorientation is an arbitrary 
value, and the axis of rotation is arbitrarily oriented to the plane of the boundary. Periodic atomic structures such as lattices 
of coincident nodes, alternating polyhedra, and others do not arise within such boundaries. They are called boundaries of 
a general type, non-special, arbitrary, or incommensurate. The general theory of relaxation processes at such boundaries 
has not yet been sufficiently developed. The aim of the study was the development of the model of migration of an 
incommensurate intercrystalline boundary at the atomic level and the description of the process of self-diffusion along it. 
A circle called the main region is described around each boundary lattice node of one of the crystallites. If there is an atom 
in the node, then an atom of another crystallite is excluded from entering it. In the case of a vacant node in the main region, 
such an atom can be located. An atom in a planar picture means an atomic series in the three-dimensional case. The 
distribution of vacant nodes of the growing crystallite is uniform over the flat reduced main region. The migration mechanism 
involves the implementation of the following main processes: local rearrangement of atomic configurations and self-
diffusion of atoms in the transverse direction of the slope axis.
The characteristic times of these processes and the expression for the migration rate were found. The migrating boundary 
contains a large number of delocalised vacancies. This leads to the high diffusion mobility of atoms. Most vacancies in the 
boundary are not of thermal origin, but are determined only by the geometric atomic structure of the boundary. In this 
case, the expression for the boundary self-diffusion coefficient does not contain a multiplier depending on the activation 
energy of vacancy formation. This leads to the fact that the coefficient of self-diffusion along the migrating boundary is 
significantly higher than in the stationary boundary. The model of an incommensurate boundary allows us to describe its 
migration and calculate the self-diffusion coefficient. 
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1. Introduction
A large number of various models have 

been proposed to describe the atomic structure 
of intercrystalline boundaries in metals and 
relaxation processes involving them. Among 
them there is a special class of boundaries. They 
separate two crystallites mutually rotated for angle 
at which a lattice of coinciding nodes, common 
to them, is formed. The atomic structure of such 
boundaries has a semblance of a crystal structure 
and is characterised by periodicity. Small deviations 
from the special misorientation of crystallites are 
provided by the introduction of grain boundary 
dislocations. The theory of special boundaries is 
well developed. However, among the boundaries 
actually existing in polycrystalline materials, 
their number is low and, according to various 
estimates, is approximately one tenth. A significant 
proportion of boundaries do not correspond to 
special misorientations. Their atomic structure 
is formed by conjugation of two surfaces with 
rational Miller indices whose translation periods 
in one or two directions are incommensurable, 
such as, for example, 2  and 1. This means that 
the lengths of such segments cannot be expressed 
as rational numbers when measured with a ruler 
with a one scale bar. The imposition of such 
surfaces excludes the possibility of the appearance 
of periodic structures in the boundary. Similar 
structures also appear when noncrystallographic 
planes of adjacent lattices with Miller indices, some 
of which are irrational numbers, are conjugated. 
Grain boundaries of this type are called arbitrary, 
ordinary, non-special, or incommensurate.

The model of the atomic structure of an 
incommensurate intercrystalline boundary 
was successfully used to describe structural 
rearrangements in the process of intergranular 
slippage [1]. According to this model, rearrangements 
of atomic configurations in the near-boundary 
region occur in the effective potential field that 
exists in this region and is created by the totality 
of all near-boundary atoms. The characteristic of 
the position of each atom is a scalar or vector value, 
called the mismatch parameter (distance), which 
uniquely determines its geometric and energy 
state. It determines the position of each atom of 
one of the two connecting crystallites with respect 
to the coordinate system of the other. A somewhat 
different parameter was introduced to describe the 

change in the atomic structure of grain boundaries 
in aluminium and is called the order parameter 
[2]. For atoms with certain regions of variation 
of the mismatch parameters, double-well energy 
configurations with different pit depths are formed 
in the boundary. The elementary act of sliding is 
the jump of an atom from one pit to an adjacent 
deeper pit. The dimensions of such regions depend 
on the structure of the boundary and the magnitude 
of the stresses acting in it. The resulting rate of the 
process is determined by the size of the regions, the 
value of the activation barrier, and the density of 
states. Accounting for these factors for boundaries 
with different types of incommensurability leads to 
different types of functional relationship between 
the slip rate and the magnitude of the applied 
stresses [3]. The development of ideas about 
incommensurate structures allowed possible to 
describe not only their energy [4], but also many 
grain-boundary processes, such as the formation of 
point defects, heat capacity, the role of boundaries 
as sources of vacancies, and internal friction [5, 
6]. Incommensurate boundaries were studied 
by high resolution electron microscopy [7–11] 
and computer simulation [12, 13]. Boundaries of 
this type are also widespread in nanocrystalline 
materials [10, 14]. There is evidence [15] that the 
presence of incommensurability at the interface 
between the sample and the film deposited on 
its surface significantly affects its antioxidant 
properties. The ideas about relationship between 
the tribological properties of samples and the 
structure of surface layers have become widespread. 
The relationship between microstructure and 
friction allows not only to estimate the lowest 
possible coefficient of friction between pure metals 
and alloys, but also suggests the possibility of 
creating materials with a low coefficient of friction 
using grain boundary technology. The connection 
between the mechanisms of interfacial deformation 
and friction modes can also be interpreted in an 
atomistic sense using the concept of commensurate 
and incommensurable interfaces [16].

An attempt to describe the mechanism of 
boundary migration was proposed in [17]. Under 
conditions of boundary displacement along its 
normal, the introduction of the third component 
of the discrepancy parameter vector is required. In 
the general case, it is defined as the radius vector 
of an atom of one grain in the coordinate system 
associated with the unit cell of the potential relief 
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of another grain. The presence of an effective 
thermodynamic migration force means an 
increased free energy of the atoms of one of the 
grains compared to the atoms of the neighbouring 
grain. Relaxation in such a system leads to a 
shift of the interface towards an energetically 
favourable position, and the growth of one grain 
at the expense of another. The model predicts a 
functional dependence of the migration rate on 
the effective thermodynamic force of a power form 
with exponents varying from 1 to 3. Such an effect 
was repeatedly observed in the experiment [18, 19]. 
There is currently no general microscopic theory of 
such a relaxation process as boundary migration. 
The purpose of this study was the development 
of the ideas of [17] and development of the 
model for the migration of an incommensurate 
intercrystalline slope boundary at the atomic level 
and a description of self-diffusion processes.

2. Migration model of slope boundary 
Let us determine the atomic structure of the 

unrelaxed slope boundary. For this, consider 
the geometric picture of the imposition of two 
identical simple cubic lattices, mutually deployed 
at a non-special angle. The result of the overlay is 
shown in Fig. 1. The light and dark nodes denote 
the projections of the atomic rows of the lattices. 
For plotting a straight line, which is a trace of the 
boundary plane, it is necessary to leave nodes of 
only one colour on different sides. Around each 
such node located near the boundary, a sphere of 
radius equal to the interatomic distance is drawn as 
from the centre. Circles which are sections of these 
spheres by the plane of the figure are shown in Fig. 
1. Any other atom cannot enter them according 
to in the hard sphere model. The boundary atom 
located in the centre, can move to the darkened area 

of the circle, where there are no restrictions from 
neighbouring circles, if there are vacant positions 
in this part. By analogy with [17], the interior of the 
darkened part of the circle is the main region. The 
coordinate axes x and y, slope axis z normal to them 
and to the plane of the figure are shown in Fig. a. 
The slope axis has the symbol [001] in all lattices. 
The slope boundary separates two crystallites with 
different lattice orientations, mutually rotated to 
the arbitrary angle relative to the axis z. Nodes of 
crystallite 2 are shown as black dots. It is believed 
that they are all filled with atoms, with the 
exception of nodes in the main regions. The nodes 
within each main regions are empty and serve as 
possible places to be filled with atoms. In this case, 
the lattice of the second crystallite is completed at 
the expense of the atoms of the first one, and the 
entire boundary shifts upwards in Fig. 1. 

The presence of an effective migration driving 
force means that each atom of the first crystallite 
has an excess of energy W compared to the atoms 
of the second crystallite. The incorporation of the 
atom in an empty node in the main region leads to 
the dissipation of excess of energy. As can be seen 
from Fig. 1, the presence of empty nodes in the 
main region in the amount of 0, 1, and 2, indicated 
by the corresponding numbers, is possible. The 
size of the main region does not allow placing 
more nodes in it. If all the main regions are 
transferred along the boundary and combined 
with one of the boundaries, then we reach the 
concept of a reduced region [3, 17]. In the reduced 
region the position of each empty node can be 
marked and the density of their distribution can 
be considered. Incommensurate structures are 
characterised by uniform geometric distribution 
of nodes in the reduced main region [1]. Each 
empty node in the main region can be filled with 

Fig. 1. The picture of the overlapping nodes of the two lattices and the main regions
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only one atomic row, its position is unique and 
serves as the label for this row. Its coordinates are 
completely similar to the discrepancy parameter 
introduced earlier for incommensurate structures. 
The real arrangement of atomic rows due to the 
relaxation of the structure will differ somewhat 
from the position of the nodes. However, 
these nodes determine the most important 
characteristics of atomic series, such as the 
activation energy of the transition and the energy 
in the final arrangement. The thick line in Fig. 2 
shows the reduced main region corresponding to 
the boundary shown in Fig. 1. If one of the nodes 
of the lattice of the second crystallite falls into 
the A zone, then another node falls into the A’ 
zone. The boundaries of the zones are connected 
by the translation operation for the lattice period 
of the second crystallite. Only one node can be 
located in B zone. If there are no nodes in the 
main region, then one of the lattice nodes must 
necessarily fall into the C zone adjacent to the 
main region. The plotting of the C zone is of an 
auxiliary nature, since its nodes cannot be filled 
during the migration process. Thus, if the lattice 
node of the second crystallite falls into one of the 
zones A, B, or C, then the main region contains 2, 
1, or 0 nodes, respectively. Areas of the A, A¢, and 
C zones equal to each other S S0 2= . The areas of 
the A, B, and C zones are designated as S2, S1, and 
S0 with an index indicating the number of nodes. 
The probabilities of the location of nodes in them 
is w S Si i= , where S S S S S S= + + = +0 1 2 0 12  is the 
total area of the reduced main region.

If the main region contains only one site, then 
the filling of the vacant row occurs by a thermally 
activated transition of the atomic row of the 
first crystallite located at the top of the region, 
overcoming a barrier equal on average to W1. The 
presence of a barrier is determined by the need to 
break the bonds of atoms with their immediate 
neighbours from their crystallite. The transition 

of the atomic series is a conservative process. It 
is carried out according to a mechanism similar 
to a dislocation slip through the formation 
and propagation of double inflections. The 
transition time [20] is t1

1= -( )c vk k , where 
c a W kTk k= -( )-2 1 exp  is the concentration of 
inflections, vk is their lateral propagation velocity. 
This value can be found using the Einstein relation 
v D F kTk k k= , if we take into account that the 
force affects the inflection F Wh ak = 2 , and their 
diffusion coefficient is D a W kTk mk= -( )n0

2 exp . 
Here Wk and Wmk are the energy of formation and 
migration of the inflection, h is its width, equal to 
the row shift distance, n0 is the Debye frequency 
of vibrations of the atom, k is the Boltzmann 
constant; T is the thermodynamic temperature, 
W is the energy difference between atoms in 
crystallites 1 and 2. From here it follows that:

t
n1
02

=
+Ê

ËÁ
ˆ
¯̃

akT
Wh

W W
kT

k mkexp . 	 (1)

The inflection energy can be determined [20] 
from the expression W a U Uk P= 2 2 0 p , where 
U W aP = 1  is the Peierls energy for a unit length 
of an atomic series, W1 is the activation energy 
of an atom jump to a new position, previously 
introduced as the barrier value, U0 is the energy 
of the unit length of the series. This value can be 
found by considering the row in the inflection 
region to be stretched by l h lk k

2 2
1
2+( ) - . Then 

W h W lk k= 2
1l p . Here lk is the length of the 

inflection, l is the stiffness coefficient of the 
interatomic bond.

In the same way, one of the two nodes 
that fell into the main region is built up. The 
second of them is built up by the atoms of the 
first crystallite from another main region with 
missing vacant node. This requires the diffusion 
movement of atoms over a distance between the 
main regions containing 2 and 0 nodes.

Here we consider the case of sufficiently large 
values of the migration driving forces. In this 
case, the process involves all boundary atoms 
located on one side of the boundary in a layer 
with a thickness of the order of the lattice period 
a. We call such atomic rows “active”. Their number 
per unit length of the boundary is N a1

1= - . The 
distribution density of nodes in the reduced 
area per unit length of the boundary is then 
equal to r = -a 3 . The number of active atomic Fig. 2. The reduced main region of the slope boundary
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rows with two vacant sites in the main region is 
N w S2 2= r . There is the same number of active 
atomic rows with main regions without nodes. 
The atoms of the first crystallite from the regions 
of the last type pass into the main regions with 
two vacant sites and complete one of them. In 
the two-dimensional problem, the nodes in the 
main domain correspond to their rows in the real 
boundary along z. The average distance passed by 
such atoms along the boundary is: 

l
N

a
w S

= =1
2 22

3

2

. 		  (2)

The transition of atoms occurs by diffusion. 
Transition time: 

t2 = l
uF , 		  (3)

where u D kT=  is the mobility of atoms, D is the 
coefficient of grain boundary diffusion, F is the 
force required to move atoms from the source to 
the drain along the boundary. For the driving 
force of diffusion, we can take the expression 
F W l= . From formulas (2) and (3), we obtain the 
transition time:

t2
3

2

2

2
=

Ê
ËÁ

ˆ
¯̃

a
w S

kT
DW

. 		  (4)

Estimates show that t t2 1� , therefore the 
boundary migration rate is limited by diffusion 
processes in the boundary. 

The migrating boundary absorbs vacancies, 
some of which are redistributed in it and 
participate in diffusion processes, and some leave 
the boundary, remaining in a new crystallite. 
Taking into account that the main regions are 
densely located at the boundary, it can be assumed 
that all vacancies are absorbed by only the three 
types of the described main regions. A vacancy 
absorbed by an atom that is the centre of the main 
region of the A type, creates three vacant nodes 
in it. One of them refers to the absorbed atom of 
the first crystallite, the other two are located at 
the sites of the second crystallite. It should be 
noted that before the vacancy was absorbed, there 
were no vacancies in this region. A vacancy in the 
boundary is the lattice node in which an atom can 
be located without the occurrence of a high-energy 
configuration associated with the displacement of 
other atoms from their positions. The nodes that 
were originally available in the main region do 

not satisfy this condition and therefore are not 
vacancies. Such a concept of a grain boundary 
vacancy should be distinguished from an excess 
volume due to a lattice mismatch in the boundary 
region. Relaxation in the boundary region leads 
to the concept of a delocalised vacancy. In the 
described situation, two vacancies appear in a 
growing crystallite, since the maximum number 
of atoms that can be located in it is two. Both of 
them can fill two nodes of the second crystallite. 
Filling the vacant position of the first crystallite 
is associated with energy consumption W and 
restores the atom to its original position, reversing 
the migration process in the opposite direction, in 
addition, another atom can no longer be located 
in this main region. Therefore, we exclude such a 
process from consideration and take the number 
of vacancies in this area is equal to two. Using 
molecular dynamics methods, it was found that 
the binding energy of vacancies into clusters 
at the boundary is very low [21], therefore they 
easily dissociate. This can also be attributed to 
the two considered vacancies, located in such a 
way that they form a divacancy in the boundary. 
One of them can pass into the volume of the 
second crystallite to replenish their equilibrium 
concentration in it. The second must be replaced 
by an atom according to the described scheme. 
This vacancy leaves its original position and 
increases the total number of vacancies in the 
grain boundary system by one. 

The absorption of a vacancy of the first crys-
tallite in the main regions with the number of 
nodes in them equal 1 or 0, by analogy, creates 
one vacancy or does not create any vacancies. In 
this case, the appeared vacancy is able to pass into 
a growing crystallite. Due to the absorption of a 
vacancy by an atom from the main region of the 
third described type with a zero number of nodes, 
the need for its diffusion transition to a vacan-
cy located in the region of the previously consid-
ered type with two vacant nodes disappears. The 
whole described process is equivalent to a simple 
transition of the atom of the first crystallite from 
the centre of the main region to one of the sites 
present in it. Thus, the absorption and emission 
of vacancies by the boundary does not change the 
essence of the processes in the main regions and 
clarifies only the mechanism of transfer of va-
cancies from one crystallite to another through 
the boundary.
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The total number of vacancies in the boundary 
participating in diffusion processes is equal 
to the sum of their equilibrium number in the 
stationary boundary C0, vacancies from the 
main type A region and absorbed vacancies in 
the region without nodes. When the boundary is 
shifted by a distance a it absorbs C a1  vacancies 
per unit length, where C1 is their concentration 
(atomic fraction) in the first crystallite. They 
are distributed among the three types of main 
regions described. Therefore, a region without 
nodes generates C w a1 0  vacancies. Regardless of 
the absorption of lattice vacancies, each region 
of the A type creates w a2  vacancies. Therefore, 
their total concentration in the boundary, 
taking into account the fact that w w2 0= , is 
equal to C C w Cb = + +( )0 2 11 . Neglecting the 
concentrations in the equilibrium boundary and 
in the bulk of the crystallite in comparison with 
w0, we can assume that <<kul_e029.eps>>. 

Based on general principles, we obtain the 
following expression for the boundary coefficient 
of self-diffusion:

D a w
W
kT
m= -Ê

ËÁ
ˆ
¯̃

q n2
2 0 exp . 	 (5)

Here q is a geometric factor of the order of unity, 
Wm is the activation energy of migration of va-
cancies in the boundary. 

3. Discussion 
Above, we considered the process of shifting 

the boundary by a distance a. The migration rate is 
determined by the expression u t= -a 1 . Neglecting 
the time t1 migratory boundary mobility is 
I = u s , where s = -Wa 3  is the value of the 
effective driving force of migration for a unit 
area. Using (4), the expression for mobility can 
be reduced to the form:

I
Dw S
a kT

=
4 2

2 2

2 . 		  (6)

When considering the processes of the 
emergence of vacancies in a migrating boundary, 
the result, according to which the concentration 
of vacancies in the boundary is equal to C wb = 2  
was obtained. This is a very large value. It can 
explain the high diffusion mobility of atoms in the 
migrating boundary [22, 23]. It should be noted 
that the majority of vacancies in the boundary are 
not of thermal origin, but are determined only by 

the geometric atomic structure of the migrating 
boundary. The expression for the boundary 
diffusion coefficient now does not contain a 
factor that depends on the activation energy of 
vacancy formation. Using such an approach, it is 
easy to understand the observed increase in the 
boundary self-diffusion coefficient in migrating 
boundaries [24–26]. The structural state of grain 
boundaries during their migration is essentially 
nonequilibrium [24]. It can be compared with 
stationary nonequilibrium grain boundaries in 
freshly prepared ultra-fine-grained materials. As 
it is known, they contain a significant excess free 
volume in the form of delocalised vacancies [27]. 
The diffusion activation energy in such boundaries 
can be two times lower than in boundaries with 
an equilibrium structure [28]. The nonequilibrium 
of migrating boundaries is associated by many 
authors with an increase in the free volume in 
the boundary, which is either the result of the 
absorption of excess vacancies in the volume of the 
disappearing grain, or the capture of dislocations 
with their subsequent dissociation [27, 29]. In the 
present study, the mechanism of generation of 
vacancies inside the boundary is described without 
taking into account all these processes. Here, 
the degree of nonequilibrium of the boundary is 
determined only by local atomic rearrangements. 
The effects listed above can have an additional 
influence, leading to an increase in the degree of 
nonequilibrium. An increase in the excess volume 
in the boundary inevitably leads to its broadening. 

Let us estimate the ratio of the boundary 
self-diffusion coefficients in the migrating and 
stationary boundaries. We accept for the latter 
the expression D a W W kTe f m= - +l n2 0 exp( ( ) ),  
where Wf and Wm are the energies of formation 
and migration of grain boundary vacancies, l is 
the coefficient. Taking into account (5), this ratio is 
n D D w W kTe f= = 2 exp( ) . Here q lª  is accepted. 
Taking w2 0 1ª . ; W Wf bª 0 4. , where W W Wb f m= +  
is the activation energy of grain boundary self-
diffusion; W kTb m = 9  [27]; T Tm = 0 5. , Tm is 
melting temperature; we obtain n ª ◊1 3 102. , which 
agrees with the experimental data for the migrating 
boundary n~102  [24]. In [30], the experimentally 
measured value of the diffusion coefficient of 
Ca into calcite at a temperature of 900 °C at the 
migrating boundary exceeded its value for the 
stationary boundary by five orders of magnitude. 
It should be noted that there is a fundamental 
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difference between the nonequilibrium structures 
in the considered cases of a moving boundary 
during its migration and a solid boundary in 
nanostructured systems. When the boundary 
stops, the nonequilibrium concentration of 
vacancies in it, after a certain relaxation time, 
reaches the value characteristic for the stationary 
boundary. This nonequilibrium is dynamic 
in nature, when vacancies are continuously 
generated in the moving boundary and disappear. 
The non-simultaneity of these processes leads to 
an excess of vacancies in the boundary. Stationary 
grain boundaries can be called nonequilibrium 
if they have an excess free volume, increased 
energy, or are sources of dislocations [31–34]. 
The disequilibrium of the boundaries is often 
associated with the presence of long-range stress 
fields, while in the migrating boundary, according 
to the described model, they are absent.

4. Conclusions
Based on the concept of the atomic structure 

of an incommensurate intercrystalline slope 
boundary, a model of its migration has been 
developed. It was shown that the rearrangement 
of atomic configurations in the boundary 
region has both local and non-local nature with 
the involvement of diffusion processes. The 
relaxation of the atomic structure leads to the 
fact that the concentration of vacancies in the 
migrating boundary exceeds that in the stationary 
boundary. This causes an increase in the self-
diffusion coefficient along such a boundary.
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