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Abstract 
This paper provides a review of variants of phase diagrams of binary and ternary systems constituting the TiO2-Al2O3-SiO2-
ZrO2 four-component system.
The study involved building spatial (three-dimensional (3D)) computer models of the isobaric phase diagrams for four 
ternary oxide systems (and their variants, in case of contradicting initial data obtained by different researchers) constituting 
this quaternary system. The geometric structure of its phase diagram was also predicted. For this purpose, phase diagram 
models were constructed as geometric objects in three-dimensional (3D) or four-dimensional (4D) space in the 
“concentration-temperature” coordinates by assembling (hyper)surfaces (unruled and ruled) and/or phase regions.
As a result: 
– For the TiO2-Al2O3-SiO2 system, it was considered possible variants of the structure of liquidus surfaces. These variations 

were due to availability of different theories describing the formation of compounds in the TiO2-Al2O3 binary system 
(Al2TiO5 can melt congruently or incongruently and either possesses or does not possess the property of polymorphism). 

– For the TiO2-Al2O3-ZrO2 and TiO2-SiO2-ZrO2 systems, 3D-models of phase diagrams were developed at temperatures 
above 1,280 and 1,400 °C, respectively. The temperature limits were due to the lack of definitive description of the 
structure of subsolidus regions in the TiO2-ZrO2 binary boundaring system.

– Since the main contradictions in the ZrO2-SiO2-Al2O3 system are associated with the type of phase reaction related to 
zircon formation (peritectic or peritectoid), the 3D model of the phase diagram was built according to the second variant, 
which involved the formation of the internal field of liquidus corresponding to the primary crystallization of ZrSiO4. 

The structure of the phase diagrams in the subsolidus was deduced for all four systems. It was also shown that in these 
systems at decreasing of temperature triangulation had a place twice. 
For the TiO2-Al2O3-SiO2-ZrO2 quaternary system, a scheme of phase reactions with the participation of the melt was deduced. 
This scheme includes six five-phase invariant reactions: two peritectic, two eutectic, and two quasi-peritectic reactions. 
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1. Introduction 
Innovative  ceramics  based on ZTA, 

a combination of zirconium, titanium, and 
aluminum oxides, have a wide range of practical 
applications. Therefore, there is a need to 
provide a precise and experiment-consistent 
description of isobaric phase diagrams for 
both the ternary systems formed by ZTA and 
SiO2 and the TiO2-Al2O3-SiO2-ZrO2 quaternary 
system. Phase diagrams of its binary systems 
are very contradictory, which is associated 
with disagreements on the properties of the 
compounds formed within these systems (the 
presence or absence of polymorphism, the nature 
of the formation, and the type of melting).

2. Literature review
It is known that silicon and zirconium 

oxides, which together with titanium and 
aluminum oxides form the TiO2-Al2O3-SiO2-ZrO2 
system, have several polymorphic modifications. 
Zirconium (IV) oxide has three modifications: 
cubic (c-ZrO2), tetragonal (t-ZrO2), and monoclinic 
(m-ZrO2) [1–3]. Silicon (IV) oxide has four 
modifications: cristobalite (cr-SiO2), tridymite 
(tr-SiO2), high-temperature quartz (HQ-SiO2), and 
low-temperature quartz (LQ-SiO2) [1]. 

2.1. Binary systems in the  
TiO2-Al2O3-SiO2-ZrO2 four-component system 

The Al2O3-ZrO2 system has the simplest 
geometric structure of the six considered 
binary systems constituting TiO2-Al2O3-
SiO2-ZrO2 (Fig.  1a). Experimental [2-5] and 
thermodynamically calculated [6, 7] data indicate 
that there is an eutectic reaction between Al2O3 
and the tetragonal form of zirconium oxide 
(t-ZrO2), the c-ZrO2 → t-ZrO2 + L metatectic 
polymorphic transition, and the eutectoid 
transition from the tetragonal t-ZrO2 to the 
monoclinic m-ZrO2 [2]. 

In the TiO2-SiO2 eutectic system (Fig. 1b), in 
addition to liquid immiscibility, there are three 
polymorphic transitions from cristobalite (cr-
SiO2) to tridymite (tr-SiO2) and further to high 
and low-temperature quartzes (HQ-SiO2 and 
LQ-SiO). This system has been studied in many 
papers [8–21]. All researchers agree that the 
system is characterized by liquid immiscibility 
and the eutectic reaction. Their opinions only 
differ with regard to the values of the coordinates 

of the eutectic reaction and the dimensions of the 
liquid immiscibility region, both in terms of its 
composition and temperature. 

The SiO2-ZrO2 system (Fig. 1c) has an 
immiscibility region of two liquids and the ZrSiO4 
compound (zircon) [22–26]. The main differences 
in publications devoted to this system relate to the 
type of phase reaction by which this compound 
is formed: peritectic [22] or peritectoid. More 
recent studies confirm the peritectoid nature of 
the reaction [25]: tr-SiO2 + t-ZrO2 → ZrSiO4 with 
the participation of tridymite and tetragonal 
form of zirconium oxide. In the subsolidus, zircon 
participates in low-temperature polymorphic 
transitions, in which polymorphic forms of SiO2 and 
ZrO2 also take part. The “liquidus” part of the phase 
diagram is characterized by a high-temperature 
metatectic transition from c-ZrO2 to t-ZrO2, 
liquid immiscibility, and the eutectic reaction. An 
overview of opinions on the structure of the ZrO2-
SiO2 phase diagram is presented in [23–26].

The descriptions of the Al2O3-SiO2 system 
provide different interpretations of the nature 
of mullite melting (mainly with the Al6Si2O13 
stoichiometry). In [27–48], it is defined either as 
congruent (then the mullite divides the system 
into two eutectic subsystems (Fig. 1d)), or as 
incongruent (then the mullite is formed by a 
peritectic reaction). 

The TiO2-ZrO2 system has been extensively 
researched with the main differences in its 
description relating to the presence of zirconium 
titanate (Fig. 1e). The phase diagrams presented 
in [49] and [50] have a similar structure, but differ 
in the presence of the ordered and disordered 
phase of ZrTiO4. Importantly, since there is no 
definitive description of phase transformations 
in this system, in this work we limited the 
modeling of the TiO2-Al2O3-ZrO2 and TiO2-SiO2-
ZrO2 ternary systems formed by them to the 
temperatures of 1,280 and 1,400 °C, respectively.

There are four main versions of phase 
transformations in the TiO2-Al2O3 system. What 
they have in common is the recognition of the 
existence of aluminum titanate, however, they 
differ in the interpretations of the type of its 
melting (incongruent [51] (Fig. 1f) or congruent), 
the presence or absence of its second polymorphic 
modification, and/or the formation of one more 
compound Al6Ti2O13 [52-63].
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2.2. Ternary systems in the TiO2-Al2O3-SiO2-
ZrO2 four-component system 

The authors of the work [64] (cited from [65]) 
studied the phase diagram of the TiO2-Al2O3-SiO2 
ternary system, rich in alumina, and established 
the presence of two invariant reactions, eutectic 
and quasi-peritectic (Fig. 2a):

Е1: L → TiO2 + SiO2 + Al2TiO5 and  
Q2: L + Al6Si2O13 → SiO2 + Al2TiO5.

Later, a third invariant reaction was recorded, 
corresponding to another quasi-peritectic 
transformation [66]:

Q1: L + Al2O3 → Al6Si2O13 + Al2TiO5.

Studies [67] in the subsolidus region showed 
the presence of two phase regions: TiO2 + SiO2 + 
Al6Si2O13 and TiO2 + Al2TiO5 + Al6Si2O13.

The authors of [68] experimentally recorded 
the same invariant reactions but with different 
melt compositions. They also established the 
presence of a quasi-peritectoid reaction in the 
solid-phase region: SiO2 + Al2TiO5 → TiO2 + 
Al6Si2O13.

Since there are four main variants of the 
structure of the phase diagram of the TiO2-Al2O3 
binary system, it is also possible to obtain four 
variants of the structure of the ternary systems 
constituted by this binary system together with 
silicon or zirconium oxides. 

Fig. 1. Phase diagrams of binary systems: Al2O3-ZrO2 (B-D) (a) [2, 7], TiO2-SiO2 (A-C) (b) [19], SiO2-ZrO2 (C-D) 
(c) [1], Al2O3-SiO2 (B-C) (d) [30, 35], TiO2-ZrO2 (A-D) (e) [49], TiO2-Al2O3 (A-B) (f) [51] with the formation of: 
titanates of aluminum Al2TiO5 (R1) and zirconium ZrTiO4 (R2), zircon ZrSiO4 (R3), mullite Al6Si2O13 (R4) (C – 
cristobalite cr-SiO2, C1 – tridymite tr-SiO2, C2 – high-temperature HQ-SiO2 and S3 – low-temperature LQ-SiO2 
quartz; D – cubic c-ZrO2 , D1 – tetragonal t-ZrO2, D2 - monoclinic m-ZrO2 polymorphic modifications of ZrO2)
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The liquidus of the TiO2-Al2O3-SiO2 ternary 
system consists of a region of liquid immiscibility 
and five surfaces of onset primary crystallization: 
three initial oxides and two binary compounds with 
aluminum titanate melting either incongruently 
or congruently. If we accept the version about the 
existence of two polymorphic modifications of 
aluminum titanate, according to which the low-
temperature modification of aluminum titanate 
on the phase diagram of the TiO2-Al2O3 binary 
system has the corresponding liquidus line 
(interestingly, it is only present in one subsystem 
with TiO2, while in the other subsystem it can 
only be found in the subsolidus), then two 
fields of primary crystallization of aluminum 
titanate for both its polymorphic modifications 
appear in the ternary system (Fig. 2a). However, 

there is no information about liquidus surfaces 
corresponding to the onset crystallization of 
a low-temperature modification in any of the 
studies devoted to this ternary system. Data 
are only available for a high-temperature 
modification [17, 21, 64–68]. 

According to another version, in addition 
to the congruently melting aluminum titanate 
Al2TiO5, an incongruently melting compound 
Al6Ti2O13 is formed. This means that a sixth field 
is present in the system corresponding to the 
primary crystallization of the compound. 

To take into account the polymorphism 
of aluminum titanate (its two modifications), 
the listed Q1, Q2, and E1 reactions must be 
preceded by an invariant four-phase polymorphic 
transition between the high-temperature and 

Fig. 2. Liquidus surfaces projections of the TiO2-Al2O3-SiO2 (A-B-C) (a), Al2O3-SiO2-ZrO2 (B-C-D) (b), TiO2-
Al2O3-ZrO2 (A-B-D) (c), TiO2-SiO2-ZrO2 (A-C-D) (d) systems with compounds Al2TiO5 (R1), ZrTiO4 (R1), ZrSiO4 
(R3), Al6Si2O13 (R4)
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low-temperature modifications of Al2TiO5 in the 
presence of Al2O3 and the melt in the temperature 
range of TeBR-TQ1. This transition corresponds 
to point V on the eBRQ1 line, where the liquidus 
field of the high-temperature modification of 
aluminum titanate closes (Fig. 2a). As a result, 
the surface of its liquidus consists of two 
fragments: kARReBRV (primary crystallization of 
the high-temperature modification of Al2TiO5) 
and eAR1kARVQ1Q2E1 (separation of primary 
crystals of its low-temperature modification). 

Thus, a large amount of contradictory data 
significantly complicates the task of constructing 
a quality model of the phase diagram. The lack of 
definitive experimental data about the structure 
of the TiO2-Al2O3 binary system makes it difficult 
to obtain a single, unified, thermodynamically 
justified model of the phase diagram. A more 
effective solution in this case is building a 
geometric spatial model of the phase diagram, 
which will be discussed below.

Papers [69-71] present the results of studies, 
according to which, the liquidus of the Al2O3-
SiO2-ZrO2 ternary system is characterized by six 
surfaces corresponding to the initial components 
(including two polymorphic forms of zirconium 
oxide), mullite, and zircon, and by quasi-peritectic 
and two eutectic reactions (Fig. 2b):

Q1: L + t-ZrO2 → Al6Si2O13 + ZrSiO4,
E1: L → Al2O3 + t-ZrO2 + Al6Si2O13, E2: L →  
→ SiO2 + Al6Si2O13 + ZrSiO4.

The main contradictions in this ternary system 
are associated with the structure of the liquidus 
and, in particular, the surface corresponding to 
the onset primary crystallization of the ZrSiO4 
zircon. The works [72-75] indicate the formation 
of five primary crystallization surfaces, including 
an internal field corresponding to ZrSiO4, and four 
invariant reactions. Earlier, following the logic of 
the scheme of phase transformations, two phase 
reaction schemes were deduced corresponding 
to two variants of zircon formation [76]. The 
formation of zircon by the peritectoid reaction 
(Fig. 1c) results in the formation of the internal 
liquidus field of ZrSiO4 and another invariant 
peritectic reaction (Fig. 2b):

L + t-ZrO2 + SiO2 → ZrSiO4.

The description of the liquidus surfaces of 
the TiO2-Al2O3-ZrO2 system are contradictory. 

The structure of the diagram of TiO2-ZrO2 in the 
subsolidus can be interpreted in many ways. What is 
more, the discrepancies in the interpretation of the 
data related to the TiO2-Al2O3 binary system also 
complicate the experimental study of the ternary 
system constituded by this binary system and 
aluminum oxide. According to [77], there are three 
eutectic transformations in this ternary system 
(Fig. 2c). Work [78, p. 107] presents the projection 
of the liquidus surfaces with three invariant points 
marked: two eutectic and one quasi-peritectic. The 
univariant liquidus line connecting the eutectic 
and quasi-peritectic points contains the maximum 
point located on the quasi-binary section of ZrO2-
Al2TiO5. Importantly, the point characterized as 
quasi-peritectic is located inside the ZrO2-Al2TiO5-
ZrTiO4 simplex. However, such position of the point 
means that the phase reaction can only be eutectic 
in nature. Otherwise, in order to preserve the quasi-
peritectic nature of the reaction corresponding to 
this point, it must be shifted to the TiO2-Al2TiO5-
ZrTiO4 simplex. The projection of the liquidus 
surfaces obtained by thermodynamic calculations 
[79] has 4 invariant points. 

Contradictory information about the TiO2-ZrO2 
binary system [80, 81] (Fig. 2d) also significantly 
complicates the study of the phase diagram of the 
TiO2-SiO2-ZrO2 system over the entire range of 
temperatures from the liquidus to subsolidus. The 
structure of the liquidus surfaces is shown in [82].

3. 3D modeling of isobaric phase diagrams 
of ternary systems

Currently, thermodynamic databases are 
widely used to describe phase equilibria in 
multicomponent systems, which make it possible 
to use the CALPHAD technology to produce 
precise calculations of phase diagrams [83, 84]. 
This approach allows calculating phase equilibria 
in multicomponent systems at high temperatures, 
for example, by using the NUCLEA database 
designed to simulate emergency situations at 
nuclear power plants [85, 86]. 

However, the limitations of using the results of 
the description of phase equilibria in the studied 
systems obtained by using the NUCLEA database 
include the representation of a significant 
number of phases as stoichiometric [86]. This also 
concerns mullite, the phase diagrams of which 
usually show the formation of a solid solution. 
Another limitation of the potential of the 
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NUCLEA database is a simplified understanding 
of the metatectic reactions associated with 
polymorphic transformations [87, Fig. 8].

Earlier [88], a thermodynamic database for 
the corresponding binary and ternary systems 
containing ZrO2 was created to use the CALPHAD 
approach for calculations of phase diagrams. 
This allowed to avoid distortions in the image of 
metatectic reactions and to calculate the surface 
of the liquidus and fourteen polythermal sections 
of the Al2O3-SiO2-ZrO2 phase diagram.

One of the complications related to the 
construction of phase diagrams of multicomponent 
systems is the presence of polymorphic modifications 
of initial components and compounds formed 
in the system. This is especially true in cases of 
limited solubility of the polymorphic modifications 
of compounds within the studied system, which 
should also be taken into account. 

3.1. Key provisions related to the 
construction of phase diagrams of ternary 
systems from the surfaces/phase regions

Good results related to the modeling of 
isobaric phase diagrams have been shown by an 
approach that allows assembling phase diagrams 
from the surfaces and/or phase regions. These 
diagrams can be further used to develop their 
spatial computer models. According to [89–94], 
such approach allows:

– Considering in detail the features of the 
physicochemical characteristics of the studied 
system, for example, negligibly small mutual 
solubility of the phases and the peculiarities 
of the solidus structure in a three-component 
system with immiscibility present in the melt.

– Freely operating with phase diagrams, 
including visualization of various isothermal and 
polythermal sections.

– Taking into account all surfaces and phase 
regions of the phase diagram.

– Correctly interpreting various experimental 
and calculated data on phase equilibria displayed 
on the isothermal and polythermal sections.

To build computer models of phase diagrams, 
the PD Designer and Neditor programs are used 
to assemble phase diagrams from the surfaces 
and/or phase regions [92, 95–98]. 

The initial data used to build a computer 
model include both experimental and matching 
thermodynamic data on binary boundaring 

systems and the surfaces of primary crystallization 
with due account of the nature of the melting 
(decomposition) of the binary and ternary 
compounds present in the system. 

The assembly of the phase diagram from 
the surfaces and phase regions for spatial (3D) 
computer model involves several steps: 1) scheme 
of mono- and invariant states presented in a 
tabulated (Table 1) and graphical (Fig. 3) forms; 
2) prototype of the phase diagram; 3) computer 
3D model of the phase diagram of the real system.

The scheme of mono- and invariant states 
presented in a tabulated form is similar to 
Scheil’s scheme of phase reactions; however, 
it includes attributed trajectories of changes 
in phase compositions during three-phase 
transformations. This allowes to directly obtain 
from the scheme detailed information about the 
geometrical structure of the phase diagram, i.e. 
about the number and type of all surfaces and 
phase regions. Such a table is very helpful since it 
is very convenient to track (or predict) the sequence 
of phase transformations not only with the 
participation of the melt, but also in the subsolidus. 

Further, the two-dimensional (tabulated) 
scheme is transformed into the spacial scheme 
with due account of the location of points by 
temperature. In other words, the tabulated form is 
converted into geometric in the “concentration-
temperature” coordinates. First, all the planes 
corresponding to the invariant transformations 
in the ternary system are constructed. Then, 
segments the ends of which are indicated in the 
scheme and which correspond to the changes in 
the compositions of the phases (participating 
in three-phase transformations) are brought to 
these planes [90]. Thus, the template of the phase 
diagram is formed. 

The template is then completed with the 
surfaces imitating the surfaces of liquidus, 
solidus, solvus, and transus and phase regions are 
formed. The resulting prototype of a computer 3D 
model gives a deep understanding of the structure 
of the phase diagram.

The ruled surfaces are formed by the generating 
segment and two directing curves and comprised 
the boundaries of the corresponding three-phase 
transformation. All other surfaces (liquidus, 
solidus, solvus, transus, etc) are unruled. It is 
obvious that kinematic method is used to generate 
the ruled surface. In many cases, this method also 
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Table 1. Scheme of uni- and invariant states of the Al2O3-SiO2-ZrO2 (B-C-D) system with compounds 
ZrSiO4 (R3) и Si2Al6O13 (R4), D>k>D1(kCD1)>kBD1>m(n)>B>eBD1>R4>eBR4> >emax>E1>C>eCD1>R3>U>Q1>eCR4> 
E2>C1(eC

C1R3,e
C

C1R4,E4)>P>D2(eD1
D2R3>E3)>eD1

BD2>Q2> >C2(eC1
C2R3,e

C1
C2R4,E5)>C3(eC2

C3R3,e
C2

C3R4,E6)
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allows properly representing unruled surfaces 
as the movement of the generating element 
along the directing curves. Then, the surface is 
determined using directing and generating curves 
specified by Lagrange interpolation polynomials 
of m degree. This approach allows taking into 
account the presence of Van Rijn points, the 
curvature of the curves on the contour of the 
surfaces, the convexity of the surfaces, and the 
complex contour of the surfaces. 

If the kinematic method cannot “cover” 
the entire surface (for example, when there is 
a fold, i.e. immiscibility region), it is divided 
into fragments. Then, the problem of proper 
representation of the surface is reduced to 
“merging” the surface from the fragments with 
mandatory control of equalizing derivatives at 
the points of their connection. 

It should be noted that an important stage in 
phase diagram modeling is the construction of 
its prototype. A prototype is an ideal design of a 
phase diagram: i.e. a hypothetical phase diagram 
that completely reproduces the structure of the 
real phase diagram; it is its topological analogue 
comprising surfaces degenerated in a real system.

Moreover, the surfaces must be constructed 
in such a way as to give the best idea of both the 
surfaces themselves and the phase regions, for 
which these surfaces serve as the boundaries. 
To achieve this, the base points coordinates 

(concentrations and temperatures) are given so 
that the surfaces are not degenerated into the 
faces or verticals of the prism within which they 
are constructed.

To convert the prototype into a 3D model 
of the phase diagram of a real system, the real 
coordinates of all base points are first given and 
those surfaces that merge with the facets of the 
phase diagram (i.e. edges and faces of the prism) 
are “degenerated”. The next stage deal with 
providing accurate and sound representation of 
the available experimental data (or information 
obtained from various sources, including 
thermodynamic calculations). To do this, the 
curvatures of lines and surfaces are specified 
and, as a result, a spatial computer model of a 
particular phase diagram is obtained. The process 
of obtaining a perfect model can be long; it 
may require additional clarifying experiments. 
However, it can be sure that the computer model 
of the phase diagram constructed in such a 
way has no methodological errors caused by an 
incorrect interpretation of the experiment that 
can occur when constructing phase diagrams 
using conventional methods [93, 94]. 

It is important to highlight that despite the 
fact that the limited solubility of some oxides and 
compounds is negligibly low, the 3D model makes it 
possible to take into account all surfaces and phase 
regions, and thus the phase diagram is protected 

Fig. 3. Fragment of a 3D scheme of uni- and invariant states with a melt participation: a prototype (a), a real 
Al2O3-SiO2-ZrO2 (B-C-D) system with the formation of zircon Zr3SiO4 (R3) and mullite Al6Si2O13 (R4) (b)
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from errors. The obtained models can be used as 
the basis for further planning of experiments, while 
the approach to building spatial computer models 
of phase diagrams of ternary and more complex 
systems by assembling them from the surfaces 
and phase regions opens new opportunities in the 
digitalization of materials science.

The model of the phase diagram, which 
includes all its topological elements, is a tool 
for its comprehensive study. It can be used to 
build iso- and polythermal sections, to calculate 
crystallization paths and vertical and horizontal 
mass balances, which allow obtaining complete 
data on the crystallization stages, the phase 
and microstructural composition of the sample 
(without taking into account diffusion processes 
for each crystallization field), to visualize the 
results of phase interactions at all crystallization 
stages, and even to predict the microstructural 
compositions [99–102] (Fig. 6).

Before constructing a computer 3D model 
of the phase diagram with the help of the PD 
Designer program, all components of the system 
and formed in it compounds were redesignated. 

In the case of the TiO2-Al2O3-SiO2-ZrO2 
quaternary system, the initial oxides were assigned 
the following letters: A - TiO2, B - Al 2O3, C - SiO2, 
D - ZrO2; and their polymorphic modifications 
were assigned the same letters but with numbers, 
namely: C – cristobalite (cr-SiO2), C1 – tridymite 
(tr-SiO2), C2 – high-temperature quartz (HQ-SiO2) 
and C3 – low-temperature quartz (LQ-SiO2); D – 
cubic (c-ZrO2) polymorphic modification , D1 – 
tetragonal (t-ZrO2) polymorphic modification, 
and D2 – monoclinic (m-ZrO2) polymorphic 
modification; compounds were indicated with 
letters R: R1 – Al2TiO5, R2 – ZrTiO4, R3 – ZrSiO4, 
and R4 – Al6Si2O13.

3.2. A 3D model of the phase diagram 
of Al2O3-SiO2-ZrO2 

All known information on the Al2O3-SiO2-ZrO2 
(B-C-D) ternary system only concerns the liquidus 
[69–75], which corresponds to the formation of 
the ZrSiO4 (R3) zircon by peritectoid reaction 
(Fig. 2b). This contributes to the determination 
of the shape of its liquidus surface [69, 70] with 
the following transformation of its internal field 
[72–74] (indicated in Fig. 2b as UQ1E2).

In addition to the eutectic (E1, E2) and quasi-
peritectic (Q1) invariant reactions (Table 1), which 

we have already mentioned, there is another 
reaction in the system, described in papers [72-
74] as a peritectic or class III reaction [103]. 
If to consider only the temperature ratios of 
the invariant points on the liquidus, then this 
reaction is, indeed, peritectic one: 
(1,660 °С): L + SiO2 + t-ZrO2 → ZrSiO4 
((L+C+D1→R3).

However, it should be taken into account 
that in the SiO2-ZrO2 (C-D) binary system, the 
eutectic reaction of L → t-ZrO2 + SiO2 (L→C+D1) 
at a temperature of 1,687 °C is preceded by the 
zircon formation in the reaction SiO2 + t-ZrO2 → 
ZrSiO4 (C+D1→R3) at 1,676 °C. 

Hence, the reaction in a three-component 
system at a temperature of 1,660 °C cannot 
be considered peritectic (P) and should be 
attributed to class II. However, this is a four-
phase transformation U: SiO2 + ZrO2 → ZrSiO4 + L 
(C+D→R3+L) and it is not quasi-peritectic (Q). 
It corresponds to the coexistence of zircon with 
the melt; therefore, when constructing the 3D 
model, the corresponding invariant point shall 
be indicated with the letter U, rather than Q, as 
was mentioned above.

Despite the fact that the melts formed in 
the Al2O3-SiO2-ZrO2 (B-C-D) system at high 
temperatures are of the greatest practical 
importance, it is equally important to get an idea of 
the processes occurring in the solid-phase regions 
of the system, which is impossible to do without 
taking into account all polymorphic transitions.

Thus, five more invariant reactions could be 
expected to occur in the subsolidus, including 
four eutectoid ones [76]. 

After the completion of crystallization, three-
phase subsolidus regions are formed: Al2O3 - 
m-ZrO2 - Si2Al6O13 (B-D2-R4), m-ZrO2 - ZrSiO4 
- Si2Al6O13 (D2-R3-R4), and LQ-SiO2 - ZrSiO4 - 
Si2Al6O13 (C3-R3-R4). However, calculations using 
the NUCLEA database at temperatures above and 
below 1,054 °C showed that such triangulation is 
only possible at high temperatures [104]. At lower 
temperatures (below 1,054°C), triangulation 
in the subsolidus results in the formation of 
three other subsystems: Al2O3 - m-ZrO2 - ZrSiO4 
(B-D2-R3), Al2O3 - ZrSiO4 - Si2Al6O13 (B-R3-R4), 
and LQ-SiO2 - ZrSiO4 - Si2Al6O13 (C3-R3-R4). 

Therefore, according to the data on binary 
systems and the liquidus surfaces of the ternary 
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system, it should expect six more invariant 
reactions in the subsolidus, including four 
eutectoid (E3-E6), a quasi-peritectoid (Q2), and a 
peritectoid (P) reactions, as shown in the scheme of 
mono- and invariant states (Table 1) [76, 105, 106].

The tabulated scheme of mono- and invariant 
states can be converted into a three-dimensional 
scheme with the help of the PD Designer 
program [92] (Fig. 3). First, all isothermal planes 
(simplices) corresponding to invariant reactions 
are constructed: triangles for E1-E6 and P, then, 

quadrangles for Q1, Q2, and U. The directing curves 
of all ruled surfaces are brought to them (first with 
straight lines), which results in a 3D scheme of 
mono- and invariant states, a fragment of which is 
shown in Fig. 3a. If the surfaces imitating liquidus, 
solidus, solvus, and transus are constructed on the 
obtained frame, this gives a prototype of the phase 
diagram. It consists of 195 surfaces and 72 phase 
regions. Next, to move to the 3D model of the 
phase diagram of the real system (Fig. 4b), the 
base points are moved to the positions specified 

Fig. 4. Computer 3D models of phase diagrams: TiO2-Al2O3-SiO2 (A-B-C) (a), Al2O3-SiO2-ZrO2 (B-C-D) (b), TiO2-
Al2O3-ZrO2 (A-B-D) (c) and TiO2-SiO2-ZrO2 (A-C-D) (d), constructed above 1280 °C (c) and 1400 °С (d), corre-
spondingly, with binary compounds Al2TiO5 (R1), ZrTiO4 (R2), ZrSiO4 (R3), Si2Al6O13 (R4) 
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by real coordinates, and then the curvatures of 
the lines and surfaces are corrected. 

The polythermal sections presented in 
[88] can be used to assess the quality of the 
calculations performed with the help of the 
computer 3D model. However, it should be 
taken into consideration that they were built at 
temperatures above 1,500 °C and do not allow 
evaluating the results of subsolidus modeling.

A comparison of the sections obtained by the 
3D model with 14 polythermal sections shown in 
[88] did not reveal any fundamental discrepancies. 
However, it be noticed that the shape of the lines 
that form as a result of the intersection of the 
vertical plane with the ruled boundaries of three-
phase regions (for example, at the boundaries 
of the L1+L2+D1 region indicated in Fig. 5b as 
2L+Tss) is unacceptable for the sections of ruled 
surfaces. In addition, the regions of limited 
solubility of the components and zircon (R3) in 
the polymorphic modifications of ZrO2 are so 
small in the 3D model that, unlike [88], they are 
not visible in the polythermal section S(0, 0.9, 
0.1)-ZrO2 (Fig. 5a). However, in contrast to [88], 
two-phase regions of mullite (R4) with all four 
modifications of SiO2 (C) appear in this section.

The 3D model of the phase diagram of the 
ZrO2-SiO2-Al2O3 system was used to calculate the 
vertical diagrams of material balances for a given 
center of mass in the entire range of temperatures 
(Fig. 6a, Table 2). 

For example, the crystallization of the G(0.34, 
0.46, 0.20) melt proceeded through the following 
stages: 

– Separation of primary crystals of t-ZrO2 (D1) 
in the range from 1,896.9 to 1,677 °C. 

– Eutectic crystallization of t-ZrO2 and 
Al6Si2O13 (R4) mullite within the range of 1,677-
1,645 °C. 

– Quasi-peritectic invariant reaction Q1 at 
1,645 °C: L+D1→R3+R4. 

– Eutectic separation of mullite and zircon in 
the range of 1,645-1,550 °C, transitioning to the 
eutectic invariant transformation E2 at 1,550 °C 
together with SiO2 (C). This was followed by three 
polymorphic eutectoid transformations between 
SiO2 modifications at temperatures of 1,470, 
867, and 573 °C, respectively (Table 2). The same 
stages of crystallization were confirmed by the 
calculation of phase trajectories (Fig. 6b), where 
the crystallization path for the center of mass G 
is shown by the green line. 

3.3. A 3D model of the phase diagram 
of TiO2-Al2O3-SiO2

Earlier, a simplified 3D model of the phase 
diagram of the TiO2-Al2O3-SiO2 (A-B-C) system 
was developed with congruently melting 
aluminum titanate. This model only included 
the high-temperature part (above 1,470 °C) of 
the phase diagram [107].

If the version of the TiO2-Al2O3 phase 
diagram which does not take into account the 
formation of the Al6Ti2O13 compound, but does 
take into account the polymorphism of AlTiO5 
is taken as the basis, then its high-temperature 
polymorphic modification shall be assigned 
with the designation R, its low-temperature 
polymorphic modification shall be indicated as 
R1, and the Al6Si2O13 mullite as R4 (Fig. 4a). 

There are an eutectic reaction between silicon 
and titanium oxides. The liquid immiscibility 

Fig. 5. Polythermal section S(0.1, 0.9, 0)-ZrO2 (D): of the 3D model (a), calculated by CALPHAD-technology [88] (b)
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L1 → L2 + TiO2 (L1→L2+A) in the TiO2-SiO2 (A-
C) binary system is appeared in the form of a 
small mknK cupola on the TiO2 liquidus surface 
in the TiO2-Al2O3-SiO2 (A-B-C) ternary system. It 
only affectes the geometry of the solidus surface 

of titanium oxide in the form of the Am(n)AK fold 
conjugated with the line of the intersection of the 
immiscibility cupola with this liquidus surface.

Since the congruently melting Al2TiO5 (R1) 
aluminum titanate devides the TiO2-Al2O3 (A-B) 

Fig. 6. Mass balance diagram showing the change in the phase composition of the melt G(0.34, 0.46, 0.20) 
during its crystallization in the Al2O3-SiO2-ZrO2 (B-C-D) system (a) and the melt path (b) (temperature °C, 
compositions – wt. fractions)

Table 2. Calculation of mass fractions of phases during crystallization of melt G(0.34, 0.46, 0.20) in the 
Al2O3-SiO2-ZrO2 (B-C-D) system (Fig. 6) until the end of the E2 reaction (temperature оС, compositions 
- wt. fractions)*

Phase region T, оC Mass fractions of phases
L+D1

(L→D11)
1896.9
1677

L=1, D1=0 
L=0.758, D11=0.242

L+D1+R4
(L→D1e+R4e)

1677
1645

L=0.758, D11=0.242, R4=0   
L=0.563, D1(D11=0.242, D1e=0.042)=0.284, R4e=0.153

L+D1→R3Q1+R4Q1 1645
L=0.563, D1(D11=0.242, D1e=0.042)=0.284, R4e=0.153, R3=0

L=0.345, D1=0, R3Q1=0.447, 
R4(R4e=0.153, R4Q1=0.055)=0.208

L+R3+R4
(L→R3eп+R4eп)

1645
1550

L=0.345, R3Q1=0.447, R4(R4e=0.153, R4Q1=0.055)=0.208;
L=0.249, R3(R3Q1=0.447, R3еп=0.039)=0.486; 

R4(R4e=0.153, R4Q1=0.055, R4еп=0.057)=0.265

L→CЕ2+R3Е2+R4Е2 1550

L=0.249, R3(R3Q1=0.447, R3еп=0.039)=0.486; 
R4(R4e=0.153, R4Q1=0.055, R4еп=0.057)=0.265; C=0

L=0; R3(R3Q1=0.447, R3еп=0.039, R3E2=0.01)=0.496; R4(R4e=0.153, 
R4Q1=0.055, R4еп=0.057, R4E2=0.029)=0.294; CE2=0.210

*1 – primary crystallization; 
e – univariant eutectic crystallization; 
ep – post-peritectic univariant crystallization; 
Q – invariant quasi-peritectic mass regrouping; 
E – invariant eutectic (eutectoid) crystallization
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binary system into two subsystems: TiO2-Al2TiO5 
(A-R1) and Al2TiO5-Al2O3 (R1-B), the high-
temperature modification R has two liquidus 
branches extending both into the subsystem with 
TiO2 (liquidus cuver RkAR) and into the subsystem 
with Al2O3 (cuver ReBR) (Fig. 4a). 

Importantly, the polymorphism of Al2TiO5 
manifestes itself differently in the subsystems. 
In the TiO2-Al2TiO5 (A-R1) subsystem, it has the 
form of the R→R1+L metatectic reaction, as a 
result the liquidus in this subsystem consists 
of three branches corresponding to the onset 
primary crystallization of TiO2 (A) (cuver AeAR1) 
and of compounds R (cuver RkAR) and R1 (cuver 
kAReAR1) (Fig. 4a). In the Al2TiO5-Al2O3 (R1-B) 
subsystem, the liquidus has two branches: the 
onset primary crystallization of Al2O3 (B) (cuver 
BeBR) and of R (cuver ReBR). The polymorphic 
transition occurres below the liquidus by the 
R→R1+B eutectoid reaction. 

Another feature of aluminum titanate is its 
decomposition into initial oxides at 1,300 °C [51].

In the Al2O3-SiO2 (B-C) system, the Al6Si2O13 
(R4) mullite devides the system into two eutectic 
subsystems: Al2O3-Al6Si2O13 (B-R4) and Al6Si2O13-
SiO2 (R4-C).

Both binary systems with silicon oxide are 
differed by polymorphic transitions between 
the four modifications of silicon oxide (C). 
Polymorphic transitions are degenerated and 
their type are not clear. The 3D model suggests 
that eutectoid transformations took place. In the 
system constituting TiO2 (A), they occurres with 
the participation of titanium oxide (A): C→C1+A, 
C1→C2+A, C2→C3+A, while in the system with 
Al2O3 (B), it occurres with the participation of 
mullite (R4): C→C1+R4, C1→C2+R4, C2→C3+R4.

To proceed with the 3D model, it are necessary 
to understand the structure of the phase diagram 
in the subsolidus. After the Q1, Q2, E1 reactions 
completed (see section 2.2 and Fig. 2a), there 
are three ternary subsystems: B-R1-R4 (after 
Q1), C-R1-R4 (after Q2), and A-R1-C (after  E1). 
However, after completion of the eutectic 
reaction E1, further solid-phase transformations 
takes place. First, there are three polymorphic 
transitions of silicon oxide. Secondly, in the TiO2-
Al2O3 (A-B) binary system, the low-temperature 
polymorphic modification of aluminum titanate 
(R1) decomposes into the initial oxides, TiO2 and 

Al2O3. Naturally, the decomposition of R1 are also 
expected in the ternary system.

Earlier, the authors of [105] represented the 
following rearrangement in the Al2O3-SiO2-ZrO2 
(B-C-D) system: in the B-R3-R4-D subsystem, 
the stable diagonal D-R4 replaced the diagonal 
B-R3. A similar situation are in the TiO2-Al2O3-
SiO2 (A-B-C) system: after the completion of the 
Q2 and E1 reactions, the A-R1-R4-C subsystem 
has a stable diagonal C-R1. Therefore, there 
is a high probability of a rearrangement with 
stable diagonal A-R4 due to the invariant 
transformation of the quasiperiteсtoid type Q3: 
C+R1→A+R4. This can be explained by the fact 
that in all variants of the binary system (Fig. 4), 
aluminum titanate R1 decomposes into TiO2 
(A) and Al2O3 (B). Therefore, if conditions for its 
decomposition are created in a ternary system, 
we should expect such a triangulation on the 
the A-R1-R4 and B-R1-R4 subsystems and the 
subsequent disappearance of the R1-R4 diagonal. 
Therefore, after the completion of the Q3 reaction 
(rearrangement), the subsolidus should be 
presented by three subsystems: B-R1-R4 (after 
Q1), A-R1-R4, and A-C-R4. Further, the R1-R4 
segment separating the A-R1-R4 and B-R1-R4 
subsystems should disappear. This should occur 
after the decomposition of R1 into A and B (in the 
presence of R4) by the reaction E2: R1→A+B+R4. 

In confirmation of this fact, a reaction was 
experimentally determed at 1469.85 °C in work 
[68]: 

Q3: SiO2 + Al2TiO5 → TiO2 + Al6Si2O13 
(C+R1→A+R4),

which indicates rearrangement from the C+R1 
diagonal to the A+R4 diagonal. In [67], studies in 
the subsolidus region showed that at 1,470–
1,300°C (i.e. within the interval between the re-
actions Q3 and E2), two phase regions are formed: 
TiO2 + SiO2 + Al6Si2O13 (A+C+R4) and TiO2 + 
Al2TiO5 + Al6Si2O13 (A+R1+R4).

In the TiO2-Al2O3 (A-B) binary system, 
the decomposition of aluminum titanate (R1) 
occurs at 1,300 °C and zero mutual solubility of 
both initial oxides, while in the ternary system, 
the decomposition E2: R1→A+B+R4 should 
occur at the same temperature of 1,300 °C. 
Therefore, the Q3 rearrangement can be expected 
in the temperature range of TE2 < T < TE1. The 
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temperature indicated in [68] is 1,470 °C / 1,743 K.
After the R1 decomposition by the E2 reaction, 

crystallization in the A-B-R4 subsystem is 
completed. In the second subsystem A-C-R4, the 
set of polymorphic transitions E3: C→C1+A+R4, 
E4: C1→C2+A+R4, E5: C2→C3+A+R4 are followed 
the after Q3 rearrangement.

Thus, a 3D model of the TiO2-Al2O3-SiO2 
(A-B-C) phase diagram is formed and consisted 
of 173 surfaces and 64 phase regions (Fig. 4a). 

When constructing the 3D model, the 
following data on the structure of binary systems 
were used: the TiO2-SiO2 system [18], the TiO2-
Al2O3 system [51], and the Al2O3-SiO2 system [29]. 
For the ternary system, we used liquidus data 
published in [68]. The choice was due to the fact 
that these data were obtained experimentally 
and contained the most complete information 
about the structure of the phase diagrams of 
binary systems, liquidus surfaces, and possible 
transformations in the subsolidus. 

Model sections and obtained in [68] are 
compared for validation of the 3D model. These 
sections are well matched, which confirmed the 
correctness of the constructed model.

3.4. 3D models of phase diagrams  
of TiO2-Al2O3-ZrO2 and TiO2-SiO2-ZrO2

When constructing 3D models of phase 
diagrams of ternary systems based on the TiO2-
ZrO2 (A-D) binary system with the addition of 
Al2O3 (B) (Fig. 4c) and SiO2 (Fig. 4d), we used the 
interpretation of the TiO2-Al2O3 (A-B) binary 
system, according to which aluminum titanate 
polymorphism was not taken into account and 
the type of its melting was understood as being 
incongruent (Fig. 1f). This version was accepted 
in one of the recent works [51], but experimental 
work in this area continues. Nevertheless, the 
missing data are not an obstacle to constructing a 
3D model, because the possible future adjustment 
of the type of aluminum titanate melting will not 
require significant changes in the geometry of the 
phase diagram. And even if the polymorphism 
of Al2TiO5 (R1) is confirmed, according to [52], 
its liquidus field will have to be divided into two 
fragments, which will not significantly affect the 
3D model as a whole and will only affect a few 
fragments of the “upper” temperature part of the 
phase diagram. 

According to [77], there are three eutectic 
transformations on the liquidus in the system 
with aluminum oxide (Fig. 2c): 
Е1 (1,705 °C): L → Al2O3 + t-ZrO2 + Al2TiO5 
(L→B+D1+R1),
Е2 (1654 °C): L → t-ZrO2 + Al2TiO5 + ZrTiO4 
(L→D1+R1+R2),
Е3 (1636 °C): L → TiO2 + Al2TiO5 + ZrTiO4 
(L→A+R1+R2),

There are also rearrangements in the 
subsolidus: 
Q1 (1,375 °C): t-ZrO2 + Al2TiO5 → Al2O3 + ZrTiO4 
(D1+R1→B+R2),
Q2 (1,320 °C): Al2TiO5 + ZrTiO4 → TiO2 + Al2O3 
(R1+R2→A+B). 

After eutectic transformations, the system is 
triangulated into three subsystems:
TiO2 - Al2TiO5 - ZrTiO4 (A-R1-R2),  
t-ZrO2 - Al2TiO5 - ZrTiO4 (D1-R1-R2), 
Al2O3 - t-ZrO2 - Al2TiO5 (B-D1-R1). 

At the stage of the first rearrangement, as a 
result of reaction Q1, the stable diagonal ZrO2-
Al2TiO5 (D1-R1) is replaced by Al2O3+ZrTiO4 (B-
R2). The second rearrangement result is the 
decomposition of aluminum titanate (R1) into 
TiO2 and Al2O3 (A and B) and the system being 
divided into two subsystems: TiO2 - Al2O3 - ZrTiO4 
(or A-B-R2), Al2O3 - t-ZrO2 - ZrTiO4 (B-D1-R2).

When constructing a computer 3D model of 
the phase diagram of the TiO2-Al2O3-ZrO2 system, 
we took into account the experimental and 
calculated data on the structure of binary systems 
and primary crystallization surfaces published in 
[2, 6–7, 49, 51, 77].

The coordinates of ternary eutectic reactions 
(E1, E2) were determined experimentally 
in [77]. The temperatures of the invariant 
transformations Q1 and Q2 in the subsolidus were 
also presented. (The coordinates of the maximum 
points on the invariant liquidus lines were only 
obtained by calculation in [77], and they were set 
approximately in the 3D model). 

As a result, the computer 3D model of the 
phase diagram fragment limited from below 
by the temperature of 1,280 °C is formed by 
77 surfaces and 27 phase regions.

The 3D model of the TiO2-SiO2-ZrO2 (A-C-D) 
phase diagram is limited to a temperature of 
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1,400 °C, since isothermal sections at temperatures 
of 1,400 and 1,500 °C are described in [82] and 
only this limited information can be used to 
assess the quality of the obtained 3D model.

Two regions of liquid immiscibility on the 
side of binary systems with silicon oxide are 
two cupolas located on the surfaces of the onset 
crystallization of TiO2 and the tetragonal form 
of ZrO2, respectively (Fig. 2d). In addition to 
the primary crystallization fields of the cubic 
form of ZrO2, SiO2, and zirconium titanate 
(eAR2EQ2Q1pD1R2), the internal field of zircon 
(Q1Q2U) appeares on the liquidus. 

In total, four invariant reactions with the 
participation of the melt take place in the system, 
including two quasiperitectic reactions and one 
eutectic reaction: 
Q1 (1,575 °C): L + t-ZrO2 → ZrTiO4 + ZrSiO4 
(L+D1→R2+R3),
Q2 (1,545 °C): L + ZrSiO4 → SiO2 + ZrTiO4 
(L+R3→C+R2), 
E (1,500 °C): L → TiO2 + SiO2 + ZrTiO4 
(L→A+C+R2). 

As mentioned above the 3D model was 
constructed according to the data provided in 
[82], in which the temperature of the invariant 
peritectic reaction P: L + SiO2 + t-ZrO2 ZrSiO→ 
ZrSiO4 (L+C+D1→R3) was indicated as 1,670 °C, 
while the temperature of the SiO2 + t-ZrO2 → 
ZrSiO4 (C+D1→R3) zircon formation, according 
to the data in [1], was 1,676 °C, which was higher 
than the temperature of the ternary peritectic 
reaction. Then, one of the following is possible: 
either the invariant reaction in the ternary 
system is not peritectic, or zircon decomposes at 
a temperature lower than 1,670 °C. 

When we constructed the 3D model, we 
assumed that the invariant reaction named in 
[82] as peritectic was actually not peritectic. 
Technically, this reaction could be considered 
as peritectic according to the reduction in 
temperature on the invariant liquidus lines (Fig. 
2d), however, since this reaction was preceded 
the zircon formation at 1,676 °C, along with 
binary eutectic reaction eCD1: L → SiO2 + t-ZrO2 
(L→C+D1) at 1,687 °C, this invariant reaction at 
1,670 °C can be presents as follows
U: SiO2 + t-ZrO2 → ZrSiO4 + L (C+D1→R3+L),

which also corresponds to the formation of zircon, 
but in the presence of melt L. Since there is no 
unified terminology for invariant reactions, this 
reaction is indicated with letter U in the 3D mod-
el.

Therefore, a three-phase region ZrO2 + 
ZrTiO4 + ZrSiO4 (D1+R2+R3) is formed in the 
ternary system after the quasi-peritectic reaction 
Q1 below 1,575 °C. In the TiO2-SiO2-ZrSiO4-
ZrTiO4 (A-C-R3-R2) subsystem, initially divided 
by the diagonal SiO2-ZrTiO4 (C-R2) [82], the 
rearrangement SiO2 + ZrTiO4 → TiO2 + ZrSiO4 
(C+R2→A+R3) is predicted.

Further studies of the TiO2-ZrO2 (A-D) binary 
system in the subsolidus are needed to draw 
conclusions about phase transformations in 
the rest of the concentration space of the phase 
diagram after the rearrangement at temperatures 
below 1,400 °C.

Hence, the 3D model of a fragment of the 
phase diagram is assembled from 67 surfaces and 
26 phase regions. 

The projection of the liquidus surfaces 
presented in [82] does not take into account an 
immiscibility region on the side of the ZrO2-
SiO2 binary system and the liquidus surface 
corresponding to the cubic modification of c-ZrO2 
either. Therefore, to form the immiscibility 
surface, we added a binary monotectic line at 
2,250 °C in the range of 41–62 wt. % of SiO2 and 
the upper critical point at 2,430 °C and 53 wt. % 
SiO2 according to [23].

The 3D model of the phase diagram took into 
account the configuration and curvature of the 
liquidus surfaces and the immiscibility surface 
on the side of the TiO2-SiO2 binary system. 
The corresponding immiscibility surface in the 
crystallization field of TiO2 occupies a significant 
area and its projection extendes to the middle of 
the triangle of compositions. When modeling the 
liquidus surface corresponding to the primary 
crystallization of zircon, the s-shape of the 
liquidus line at the boundary of the zircon field 
and the tetragonal form of ZrO2 was taken into 
account. In addition, the 3D model specified the 
immiscibility surface adjacent to the SiO2-ZrO2 
binary system and the surface of the primary 
crystallization of the cubic form of ZrO2, which 
were not previously cosiderated in [82].
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4. A 4D model of the isobaric phase 
diagram of the TiO2-Al2O3-SiO2-ZrO2 
quaternary system and prediction  
of the geometric structure  
of its high-temperature part 

The data on invariant transformations in the 
boundaring systems was used to propose the 
scheme of phase reactions for the TiO2-Al2O3-
SiO2-ZrO2 quaternary system (Table 3) [108]. The 
system is symmetrical and consists of two parts, 
each of which includes a peritectic p, a quasi-
peritectic m, and a eutectic e reactions. The main 
difference in these reactions is the participation 
of either mullite or zirconium titanate. Zircon 
is formed in both peritectic reactions, while in 
quasi-peritectic transformations crystallization 
of either of zirconium titanate (in m2) or tetragonal 
polymorphic modification of zirconium oxide (in 
m1) is completed. 

After the completion of eutectic reactions, 
tetrahedration results in four subsystems (Fig. 7): 
TiO2 - SiO2 - Al2TiO2 - ZrTiO4 (A-C-R1-R2)  
after e2 at Т < 1,470 °C,
SiO2 - t-ZrO2 - Al2TiO2 - ZrTiO4 (C-D1-R1-R2) 
after m2,
SiO2 - t-ZrO2 - Al2TiO2 - Al6Si2O13 (C-D1-R1-R4) 
after m1,
Al2O3-(t-ZrO2)-Al2TiO2-Al6Si2O13 (B-D1-R1-R4) 
after e1 at Т < 1,480 °C.

This scheme can be used to describe the 
contours of ten liquidus hypersurfaces and 
ten solidus hypersurfaces (the zircon liquidus 
consists of two fragments). Immiscibility of 
liquid, which takes place in the TiO2-SiO2 and 
SiO2-ZrO2 binary systems both within the 
corresponding ternary and quaternary systems, 
remains independent and does not affect in any 
way the overall geometric configuration of the 
phase diagram of the quaternary system, or the 
phase transformations in this system. In addition, 
according to the scheme, 19 three-phase regions 
with the participation of the melt have been 
formed in the system (with due account of two 
regions of liquid immiscibility, L1+L2 + TiO2 and 
L1 + L2+Al2O3) and 18 similar four-phase regions.

5. Conclusion
For the TiO2-Al2O3-SiO2 system, a total 

of eight variants of the liquidus structure 
are possible. They differ in the type melting 
(congruent or incongruent) of both mullite and 
aluminum titanate, the presence or absence 
of its polymorphism, and the possibility of the 
formation of one more compound, Al6Ti2O13. 

A three-dimensional computer model for one 
of the variants, i.e. congruently melting mullite 
and aluminum titanate with two polymorphic 
modifications has been designed. This model 
can be easily transformed into any of the seven 

Table 3. The scheme of phase reactions with the melt participation in the TiO2-Al2O3-SiO2-ZrO2 system*

* Initial oxides are designated as: TiO2 – A, Al2O3 – B, SiO2 – C, c-ZrO2 – D, t-ZrO2 – D1, compounds – Al2TiO5 – R1, 
ZrTiO4 – R2, ZrSiO4 – R3, Al6Si2O13 – R4

The superscripts indicate the invariant points of the corresponding ternary systems
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other variants should new refined experimental 
data appear.

Since there is no definitive description of the 
phase transformations in the TiO2-ZrO2 system, 
the modeling of two ternary systems formed on its 
basis is limited by the temperatures of aluminum 
titanate decomposition:

– 1,280 °C, which was used to construct four 
variants of the TiO2-Al2O3-ZrO2 phase diagram 
(which is due to the presence of four versions 
of the TiO2-Al2O3 phase diagram). The quality 
of the 3D models can be assessed by comparing 
them with the isothermal sections described in 
previous studies [77]. 

– 1,400 °C, which was used for both versions 
of the 3D model of the TiO2-SiO2-ZrO2 phase 
diagram (built in the assumption that zircon 
is formed by either a peritectic or a peritectoid 
reaction). In this case, it is possible to compare 
the model sections at 1,400 and 1,500 °C with 
previously published data [82]. 

Of the four possible variants of the Al2O3-
SiO2-ZrO2 phase diagrams, which differ in the 
type melting of mullite and zircon, two variants 
of 3D models were constructed: when mullite 
melts congruently, zircon can be formed either 
by a peritectic or by a peritectoid reaction. 

In general, the 3D models of the phase 
diagrams of the considered ternary systems, after 
minor adjustments that may be required when 
new, clarifying information is received, can be 
used in practice. 

For the TiO2-Al2O3-SiO2-ZrO2 four-component 
system, a scheme of phase reactions with the 
participation of the melt was deduced, which 
includes six five-phase invariant reactions: two 
peritectic, two eutectic, and two quasi-peritectic 
reactions. 

It was assumed that its liquidus consists of 
12 hypersurfaces, of which two correspond to 
the regions of immiscibility of liquid, while the 
remaining ten correspond to the onset primary 
crystallization of the initial oxides, including two 
high-temperature polymorphic modifications 
of zirconium oxide, two congruently melting 
compounds (aluminum titanate and mullite), 
incongruently melting zirconium titanate, and 
two fragments of the liquidus hypersurfaces of 
zircon.

The resulting prototype of the liquidus of the 
four-component oxide system will be used for the 
planning of further experiments, first of all, aimed 
at determining the coordinates of the estimated 
six invariant points.

Fig. 7. Tetrahedration scheme of the TiO2-Al2O3-SiO2-ZrO2 system with compounds Al2TiO5 (R1), ZrTiO4 (R2), 
Al6Si2O13 (R4) after eutectic reactions ending and drawing of univariant liquidus lines connecting quaternary 
invariant points 
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