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Abstract. The work proposes a ZnO tetrapod formation model based on a topological
representation of the octahedral nanoscale clusters growth space transformation during
the polymorphic transition from B3 to B4 at the nanoscale. The iterated system function
system method is used to model the precrystallisation stage of the hierarchical tetrapod
crystal structure formation in the highly non-equilibrium dynamic chaos synthesis

conditions.
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INTRODUCTION

Geometry modification at the nanoscale is
a tool to control properties of materials [1]. The
unique physico-chemical characteristics of the
ZnO tetrapod nanoform (t-ZnO) (Fig. 1) [2] is
related to its hierarchical structure of connected
B4 crystals. The non-equlibrium conditions of
the high-temperature vapour-transport synthesis
reactor where t-ZnO is formed [3, 4] may cause
predictable polymorphic transitions between the
metastable B3 and stable B4 phases [5, 6].

T-ZnO is highly favourable for various
technological applications [7-11]. While its
crystal structuring is well studied [12, 13], there is
no clear understanding and model of its formation
mechanism in dynamic chaos conditions.

The aim of this work is to develop a ZnO
tetrapod morphology model based on the
description of the polymorphic transition from
a B3 octahedral nucleus to four B4 rod crystals
as a topological space transformation at the
nanoscale.
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OBJECT DESCRIPTION

Hierarchy in structural organisation is deter-
mined by the compound nature of higher struc-
tural levels in relation to lower levels. Thus, t-ZnO
is a hierarchical system as of two levels of struc-
tural organization:

1. B4 monocrystal.

2. The t-ZnO nanoform consisting of a union
of separate B4 monocrystals.

The structuring of the t-ZnO nanoform is
tightly connected to the crystal properties of the
B4 monocrystals, yet cannot be described solely
by the laws that govern their formation.

In our previous work [15] among the theoret-
ically studied polyhedral clusters only two were
found to be thermodynamically stable in the
conditions of t-ZnO synthesis - the Zn O, and
Zn,, 0, B3 octahedra. This provides additional
proof to the octahedral nucleus t-ZnO formation
model [8]. Thus during the initial stage of forma-
tion the morphological properties of the nucleus
are the ordering parameters controlling the rel-
ative arrangement of the priority [0001] growth
directions in the four first generation rod crys-
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Fig. 1. ZnO tetrapods. a, b — different magnifications [2]

tals of the tetrapod hierarchical nanostructure
(Fig. 2). The crystals can be easily separated due
to the existence of stacking faults occurring be-
cause of mismatches of crystal planes [16].

From a mathematical point of view the t-ZnO
structure unites four independent spaces of B4
growth, hence a topological description is ap-
plicable.

TOPOLOGICAL MODEL OF THE ZnO
TETRAPOD STRUCTURE

A tetrapod isolated from the tetrapod array is
formed in R® space with a usual topology. However
according to diffractometry and electron micros-
copy studies [17], each of the B4 crystals grows in
its own crystal growth space.

Thus, at the first growth stage the octahe-
dral nucleus is formed in the topological space
(TS) of B3 crystal growth X, where positions of
atoms are defined by the separation of X into
elementary cells of the ZnO B3 crystal lattice. A
Zn,, 0, octahedronis considered the stable nu-
cleus form. A non-optimised arrangement of at-
oms in such a nucleus is equivalent to a closed
subset Z,, c X,. (Fig. 3a).

At the second growth stage the growth space
transforms around Z,, and four B4 crystal growth
regions X, ., i = 1,...,4 appear. Here and further
the “|” symbol is used to separate indexes.

In the context of graph theory, a structure
that contains the octahedral ZnO nucleus and
four crystals growing from its four unpassiv-
ated (111) faces is an oriented noncyclic graph
(Fig. 3b). The growth space on this stage is a dis-
junctive sum Z,, X, UX, VX, UX,,,
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where {X paiol = 1,...,4} are non-overlaping TSs
of B4 crystal growth. Each X, space is separat-
ed into subsets X, ., and X, according to po-
sitions of Zn and O atoms in the B4 crystal lat-
tice, respectively.

Since the number of atoms in the octahedral
core in comparison to the number of atoms in
the B4 crystals of the t-ZnO structure both diag-
nosed experimentally and theoretically is insig-
nificantly small, |Z_.| + Xl = 10 or it may be
absent entirely, it may be neglected when mod-
elling the t-ZnO structure. This will have an ef-
fect on the structure of the graph (Fig. 3¢). Then
to form a t-ZnO structure atoms will take posi-

tions according to the TS
4
Xt—pod = UXB4\i' (D
i=1

Each space X, . is homeomorphic to a compact
TS of a B4 crystal’s growth X, - and can be defined
by a system of continuous mappings

Ft.pod = {fv’fz} : XB4\O _>Xt-pod ’ (2)
which by mapping X, arrange the four spaces
constituting (1) in accordance with the symmetry
of the unpassivated facets of Z; (Fig. 4).

Having defined a finite-size B4 crystal X,
centered at the origin (0,0,0) and oriented so
X0y | ¥, Where r . is the [0001] crystallogra-
phic direction in X, and r_ is the direction of
the z axis, each f; function can be defined by a se-
quence of translation and rotation.

In the thermodynamic conditions of synthe-
sis the [0001] direction in each of the B4 crys-
tals of the t-ZnO structure is the priority growth

direction and each crystal grows “stretched” in
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the direction from the t-ZnO center and “com-
pressed” in the lateral directions. Then with the
addition of a preliminary mapping of contract-
ing scaling the functions will include all affine
transformations:

Vfaffh‘ =[froni © firi © foci]: X = Xoii » 3

where f, - fmI.I/I o AT scaling, translation and
rotation mappings, respectively and X, c R3. In
the optimised matrix form designed to model the
t-ZnO structure

S, 0
Vi@ =rX|s, [+ 0 X
s, | |(a-s,)/2
. 4)
1 0 0 cosp, sing, 0

x| 0 cosy, —siny, |x|-sing, cose, 0|,

0 siny, cosy, 0 0 1

where y, and ¢, are rotation parameters around
the x and z axes, s u s, are scaling parameters
along the x and z axes respectively, a is the size
of theinitial crystaland (a - s,) / 2is the translation
parameter that aligns the image’s border with the
x-y plane.

The full set of parameters for the mappings
from the system

Egp={f, . f}: Xg > Xy

that provide the tetrapod configuration is given
in Table 1. The result of mapping a TS X, of the
size a with functions (4) and the parameters from

Table 1 is shown in Fig. 5a.

Fig. 2. [0001] crystal growth directions in four B4

crystals forming on the B3 octahedral Zn , O

nucleus. Bright atoms — Zn, dark atoms — O

By limiting X, to

d
4

Xizmo = U(faﬂ“\i(XRm )N XB4\:‘)
i=1

the B4 lattice structuring from the respective X,
is preserved yet the anisotropy of the growth
speed is reflected in the t-ZnO structure model.
The maps of a hexagonal prism crystal generated
using parameters from Table 1 (s increased to

0.54) are shown in Fig. 5b.

FORMATION MODEL OF ZnO
TETRAPODS

The spontaneous formation of t-ZnO hier-
archical structures indicates the existence of
an evolutionary process that includes the tran-
sition of initial Zn samples to the gas phase and

XpBan
Zps = 7my460140 7y
@ XBaja XBa3 | > XBaj
Zp3 C Xp3
A 4
XBap
a C

Fig. 3. Graphs reflecting the t-ZnO structure evolution. a - formation of the Z_, octahedral nucleus; b — forma-

tion of the B4 crystal growth topological spaces {X,, , 1=

B4|i?

1, ..., 4} on the facets of the Zn , O , nucleus; c - dis-

146 ~ 140

solution of the nucleus and preservation of the configuration of four [0001] B4 crystal growth directions in

{)(é4ﬁ’ i =
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its exit from the gas phase as t-ZnO. The exter-
nal ordering parameters — the open system of
the vapor transport synthesis reactor and the
continuous inflow of reagents — together with
the inherent ZnO crystal structuring properties
create conditions that sustain the functioning
of a t-ZnO generation system as a morphogen-
esis program aiming to reach a final ideal, simi-
lar to homeostasis. Such a final ideal is defined
by the mutual influences of components in the
tetrapod generation system among each other.
For systems that dissipate energy and informa-
tion, such as the t-ZnO generation system, this
ideal state is described by an attractor — a set of
a dimension smaller than the dimension of the
dissipative system, to which the neighbouring
states of the dissipative system are drawn to
with time [14].

Translational methods used for describing
crystal structures and quantum-chemical model-
ling methods which regard the attractor of a dis-
sipative systems as a uniquely defined state un-
related to the surrounding medium are incapable
of effectively describing the formation process of
t-ZnO hierarchical structures, which is dependent
on the reactor temperature, the reaction time
and the causal relationships between the stages
of t-ZnO elements formation.

The interacting octahedral clusters in the
t-ZnO reactor medium can be considered is-
lands forming a precrystallisation percolation
system in the 3-D Folmer-Weber mechanism of
thin film crystallization [6]. Then the process of

Fig. 4. Defining the topological space {X  ,i=

B4’

Original articles

t-ZnO generation is a technological cycle with
the following stages:

1. ZnO synthesis in the gas phase.

2. Formation of octahedral nanocrystalline
B3 nuclei.

3. Formation of dynamic self-assembled pre-
crystallisation percolation structures of octahe-
dral nuclei.

4. Crystallisation of the percolation structures
into t-ZnO hierarchical structures.

5.Formation of a discrete array of similar ZnO
tetrapods.

Despite the difference in formation ener-
gy of the B3 and B4 polymorphic modifications
[20], in the extreme non-equlibrium ZnO syn-
thesis condition primary nanoforms may nu-
cleate as both B3 and B4, B3 being preferable.
The short reaction times and the spontaneous
character of interactions require the formation
model to handle time parametrisation in a non-
classical way.

The structure of the gaseous system of octa-
hedral nuclei and ZnO clusters in the approxi-
mation of an infinite number of infinitely small
particles is a structureless array of chaotically
moving dots. The X, TS of such a system of dots
moving in R3 with in the approximation of an in-
finitely large reactor is path-connected [21]. Then
the dynamic percolation system state reflects a
transitional state between X, and the discon-
nected X, ~TS:

1,...,4} as maps of an initial Xpuo

B4 crystal

growth topological space

KoHaeHcupoBaHHble cpeapl n MexdasHble rpaHumupl, 2019, 21(4), 458-470

461



S.V.Aviloy, L. A. Bityutskya, E. . Domashevskaya A Topological Structure Model and Nonlinear Formation Model of ZnO Tetrapods

This transitional state unites the properties
of both systems and is characterised by kinetic
instability.

Since the vapour-transport synthesis system
is thermodynamically open, the number of dy-
namic particles and the number of their possible
arrangement in space does not decrease with time
as more material enters the reactor zone.

Instead of linearly searching through all pos-
sible locations in space and rotations of octahe-
dral nuclei, calculating interatomic electrostatic
forces for every moment of time during the evo-
lution of the chaotic dynamic system of particles
in the high temperature synthesis medium, which
is nearly impossible with modern technology, an
optimization of the t-ZnO formation model is
proposed. The optimization is based on accept-
ing the approximations that take into consider-
ation the real conditions in the t-ZnO vapour-
transport synthesis medium:

1. Constant influx of initial Zn and O, compo-
nents into the thermodynamically open reactor.

2. High density of the reactor medium that
leads to ZnO nuclei formation.

3. The most probable configuration of a nu-
cleus is the Zn , O, B3 octahedron.

4. The tetrahedral symmetry of the nuclei de-
fines their most probable relative arrangement
during the formation of a precrystallisation per-
colation system according to the Folmer-Weber
mechanism.

5.Ubiquitous transformation of each nucleus
into four B4 crystals.

i

a
[Fig. 5. a - X, maps of the X |

logical space; c - A, , attractor yielded by 7, .

b
topological space. X, is depicted as the larger cube; b - X, , growth topo-

[Table 1. Rotation parameters y, ¢, and scaling
parameters s u s, for functions of the type (4)

defining X, ]

i \Ili (p,' SX SZ
1 0 0
2 0
3 e 22

3 7t—arcsinT 0.15 0.8

2n
4 _ar

3

6. Nuclei are attracted to each other in the
dynamic system.

7. B4 crystals are momentarily formed around
the nucleus with the priority [0001] directions per-
pendicular to the tetrahedrally directed unpassiv-
ated (111) facets of the octahedral B3 nucleus.

8. Only the most probable growth scenarios
succeed due to the highly non-equilibrium con-
ditions in the reactor.

9. The sizes of the nuclei and particles in the
reactor medium are negligibly small and can be
described as dots.

10. Each tetrapod in the generated array is
formed according to a single principle.

The attraction forces between the nuclei in
the dynamic system will determine the appear-
ance of attractors — sets of positions to which sta-
ble states of the interacting system will be drawn
to with time.

A developing dynamic system description
method, supported by the fundamental theorem

Dots related to different topological spaces of crystallisa-

tion are marked with different colour]
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of dynamic systems [26], is the iterated mappings
in metric space [27]. The iterated function sys-
tem (IFS) [25]:

F={X,fis oo fn}> (5)

where {f,, f,,..., f,} are continuous maps in the TS
X, is a well developed method for describing
attractor sets for stochastic non-linear dynamic
systems. And IFS consisting of maps of the type
(4) and parameters from table 1 will be denoted
f;onO'

Using the chaos game algorithm [26] an at-
tractor A, is yielded for the IFS 7, .. A ;.0
is a representation of contracting dynamic sys-
tem, in every point of which occurs the formation
of an octahedral nucleus and its transformation
into four tetrahedrally oriented crystal forma-
tion spaces. The arrangement of the new spaces
is correlated with the global symmetry of the re-
actor medium defined by the affine mapping pa-
rameters (Fig. 5¢).

According to the formulated formation mod-
el approximations each dot in A, , , will denote
a singularity where the TS X, transforms into
four TS of B4 crystal growth constituting the t-
ZnO structure:

XBE - Xt—ZnO ° (6)

Such dots represent transitional states with-
out a defined crystal structure or shape. The TS
transformation is analogous to a polymorphic
transition controlled by nanoscale symmetry and
will be referred to further as topological polypor-
phic nanoscale transformation.

According to the Folmer-Weber mechanism
as the concentration of particles grows the gaps
in the percolation system are filled and the sys-
tem crystalises. At this modelling stage the dots
represent atomic clusters, atoms of which occupy
nearest positions in the B4 crystallic lattice TSs
bordering with the growing nucleus according to
the separation of X, _into positions of Znand O
atoms. Thus the attractor A, , , c R* degenerates
into the subsets of discrete X, TSs constituting
X, .o to form the t-ZnO morphology model pre-
serving the non-linear formation dynamics effect
and the hierarchical crystal structuring.

The rule of relation of a dot x in the attractor
A of IFS F tothe crystalisation TS (X,,i=1,...,N)
in accordance with the mapping f, that generated
the dot is formulated: to define which crystalisa-
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tion TS X_ is related to the dot x,_generated by the
chaos game algorithm, x is associated with the
mapping (f,,i=1,...,N) that generated x :

X, = (x,,0) , (7
where i is the index of function f, € 7. The
application of the rule of relation (7) to A, , , is
illustrated in Fig. 5c, where each dot relating to
one of the four crystallisation TSs is marked with
a different colour.

Despite the percolation system model does
not include objects representing Zn and O atoms
the formation process is controlled by the exper-
imentally deduced and theoretically calculated
characteristics of ZnO nanocrystals, their growth
kinetics and polymorphic transformation prop-
erties corresponding to the thermodynamic con-
ditions in the reactor medium. Thus, the substi-
tution of X, by X, when using parameters from
table 1 and mappings (4) to model the percola-
tion system formation

F. n
XBS M—)Xt-ZnO (8)

by yielding the attractor A _, , is justified. The
stochastic nature of the chaos game algorithm
makes it similar to nature. Numerical calculation
errors do not affect the model as the process of
convergence to A _,, continues with every
following iterative mapping.

The rotation angles defining the tetrahedral
symmetry can deviate from perfect values creat-
ing more realistic models [27].

The substitution of a multi-element mapped
set by a single-element set [25] optimises the cal-
culation and allows to generate 10°~10° new dots
per second.

CONCLUSION

The stochastic nature of the percolation
structure formation process results from the
fluctuating changes of pressure, particle con-
centration and temperature in the reactor me-
dium. On the other hand the replicability of the
transformation process (8) results from the opti-
mised thermodynamic conditions that allow for
the transformation process to happen only ac-
cording to the topological nanoscale polymor-
phic transformation (6). Thus the processes of
polymorphic transformations of ZnO nanostruc-
tures in the high-temperature chaos of the va-
pour-transport synthesis system lead to a col-
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lective synergetic process of ZnO hierarchical
structures self-assembly.

The topological approach opens new possibil-
ities in modeling more complex dendrite struc-
tures consisting of monocrystal elements, also
known as oriented attachment growth structures
[28] and fractal nanosystems [29, 30].

In summary, a topological model of the
t-ZnO was developed, its hierarchical structure
was mathematically identified as consisting of
four linked TSs of B4 crystal growth. The TSs
are arranged by affine mappings of an initial
B4 crystal growth TS. The transition from the
octahedral B3 nucleus growth TS to the four B4
crystal growth TSs are considered as a transfor-
mation of the B3 crystal growth TS at the na-
noscale.

The chaos — nucleus — percolation system —
crystal nanotechnological self-assembly cycle
stages were formulated to describe the forma-
tion of the t-ZnO array. The cycle determines a
topological transition from a path connected gas
phase TS to the disconnected t-ZnO hierarchical
crystal structure formation TS.

Ahierarchical nanostructure formation mod-
elling method was developed basing on yielding
an IFS attractor. The transition from the chaotic
dynamic array of particles in the gas phase to a
percolation system model with a defined law of
the transformation and attraction of elements
is guided by the parameters of affine mappings
forming the configuration of the TSs of crystal
growth in the hierarchical system.

The rule of relation of a yielded attractor dot
to a crystalisation TS in the hierarchical struc-
ture was formulated.
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AHHOTanMs
Ilenb pa6oThl. PaspaboTka 0600I1eHHO MaTeMaTUUecKoi Momenu hopMUPOBaHMS Me-
papxXmMuecKux KpUCTA/UIMUECKUX HaHO(POPM TeTPariofoB OKCUAA IMHKA, ITOTYYEeHHbIX ra-
30TPAHCIIOPTHBIM CMHTE30M B YCIOBUSIX IMHAMMUUECKOTO Xa0ca YacTHIl.
MeToabl ¥ MeTOHI0IOTHS. TOIOJIOrMUeCKUX aHa/IU3 HoAMMOPGHOI TpaHchopMaluy Ha
HaHOMacIITabe, HeJlMHeHas AMHAMYKA GOPMUPOBAHMS CAMOOPTAaHM30BAHHBIX CTPYKTYP
B YUIOBMSIX IMHAMMUYECKOTO Xaoca. MeTon mocTpoeHusT aTTpakTopa abdOUHHOM CHCTeMBbI
UTEePUPOBAHHBIX (PYHKIIVIA, TapaMeTPhI IIs1 KOTOPBIX OIIPeeeHbl IKCIIePYUMEHTATbHBIMU
METOIMKAMM AUArHOCTUKU: HIEKTPOHHOM MUKPOCKOMMEN, U paKIMOHHBIMY UCCIEN0-
BaHUSMU M YMCJIEHHBIMYM METOJaMy KBAHTOBO-XMMMUUYECKMX PACUETOB sIIpa MepapXuuecKux
CTPYKTYD.
PesynbTaThl. B paboTe ycTaHOBIIEHA CCTEMATHKA TETPAIIONOB KaK MepapXUUecKuX CTPYKTYP;
orpefie/ieH HAHOTEeXHOJIOTMYEeCKUit MK CaMOOpraHu3alun TeTparofoB OKCHIa IMHKA
Xa0C — SIPO — ePKOJISIIMOHHAS CUCTeMa — KpUCTaJUT; TPpoM3BeieHa MaTeMaTnieckasl UaeH-
TUUKALMS CTPYKTYPbI TETPAIIO[A KaK YeThIPEX CBSI3aHHBIX TOITOJIOTMYECKIX ITPOCTPAHCTB
pocTa BIOPIIMTHOTO KPUCTAJUIA; pa3paboTaH MeTo MOIeIMpoBaHusI Ipoliecca hopmoobpa-
30BaHMS TETPAMIOAA ITOCTPOEHMEM aTTPAKTOPa CUCTEMbI UTEPUPOBAHHBIX QYHKIINIL; yCTa-
HOBJIEHO MPABUJIO TIPMHAIJIEKHOCTY TOYKM B aTTPAKTOPe MOJIe/TbHOI HeJIMHEeHO cToXac-
TUYECKO} IMHAMUYECKOl CUCTeMbl TOTIOOTMUYECKOMY MPOCTPAHCTBY KPUCTAIIMU3ALUN B
dbopmupyroIIeiics caMOOPraHM30BaHHOI MepapXUUeCKO KPUCTA/UTMUECKO CTPYKTYpe.
PaspaboTaH TeopeTUUeCcKuii MOAXO0 I, MO3BOJISIOIINIA CO34aBaTh U MOOU(PULIIMPOBATh MO-
Jleivi TpeXMePHBIX MTPOCTPaHCTBEHHO-PacIipe/ie/IeHHbIX MepapXuyecKuX KPUCTAITNIECKUX
CTPYKTYP C HOBBIMM, [0 CPABHEHUIO C MOHOKPUCTA/UIOM, (DM3MUECKUMU U TOTIOJIOTUYEC-
KMMM CBOJMCTBAMMU, YIIPABISITDH X HOPMOI U KIacCudUINPOBATH UX IO TOTIOJIOTMYECKUM
M CUMMETPUIIHBIM TTpM3HAKaM.
3akmoueHue. DopmMupoBaHue TeTparnoia OKCH A IIMHKA MTPOMUCXOAUT B UeThIPEX TOIOJIO-
TMYECKMX ITPOCTPAHCTBAX, MOMIEMPYEMbIX HETTPEPHIBHBIMY OTOOPasKEHUSIMM IIPOCTPAHCTBA
pocTa BIOPIIMTHOIO Kpuctasuia B4. [Tlepexop oT pocTa chasepuTHOrO Spa K POCTY YeThIpeX
BIOPUMTHBIX KPUCTAJUIOB, 00pa3yIoMNX MepapXxuuecKylo CTPYKTYpy TeTparoa, paccMart-
pUBaeTCs KaK PaspbIB TOTIOJIOTMYECKOTO ITPOCTPAHCTBA POCTA IIPY ITOIMMOPOHONI TpaHC-
dbopmanyy Ha HaHOMacmTabe. TOMOJOTMUECKMIA TTOAXO, C MCIIOAb30BaHKeM MeTona ad-
(bVHHOMIT CUCTeMbI UTEPUPOBAHHBIX QYHKIIMUIL MPUMEHNUM [IJISI MOLEIMPOBAHMS TIPe[-
KPUCTA/UIM3AIMOHHOTO 3Tana GopMUPOBAHMSI MYJIbTUIIONOB, a TaKXKe AeHIPUTHBIX
KPUCTANTMUECKUX CTPYKTYP U (PpaKTaJbHBIX HAHOKOMITIO3UTOB, IJISI TIPEICKa3aHuUs UX
Mopdonorny, reoMeTpUIECKUX U CTPYKTYPHBIX CBOVICTB.
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