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Abstract. The work proposes a ZnO tetrapod formation model based on a topological 
representation of the octahedral nanoscale clusters growth space transformation during 
the polymorphic transition from B3 to B4 at the nanoscale. The iterated system function 
system method is used to model the precrystallisation stage of the hierarchical tetrapod 
crystal structure formation in the highly non-equilibrium dynamic chaos synthesis 
conditions. 
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INTRODUCTION 
Geometry modifi cation at the nanoscale is 

a tool to control properties of materials [1]. The 
unique physico-chemical characteristics of the 
ZnO tetrapod nanoform (t-ZnO) (Fig. 1) [2] is 
related to its hierarchical structure of connected 
B4 crystals. The non-equlibrium conditions of 
the high-temperature vapour-transport synthesis 
reactor where t-ZnO is formed [3, 4] may cause 
predictable polymorphic transitions between the 
metastable B3 and stable B4 phases [5, 6]. 

T-ZnO is highly favourable for various 
technological applications [7–11]. While its 
crystal structuring is well studied [12, 13], there is 
no clear understanding and model of its formation 
mechanism in dynamic chaos conditions.

The aim of this work is to develop a ZnO 
tetrapod morphology model based on the 
description of the polymorphic transition from 
a B3 octahedral nucleus to four B4 rod crystals 
as a topological space transformation at the 
nanoscale.

 Avilov Sviatoslav Vladimirovich, 
         email: sviatoslavavilov@gmail.com

OBJECT DESCRIPTION
Hierarchy in structural organisation is deter-

mined by the compound nature of higher struc-
tural levels in relation to lower levels. Thus, t-ZnO 
is a hierarchical system as of two levels of struc-
tural organization:

1. B4 monocrystal.
2. The t-ZnO nanoform consisting of a union 

of separate B4 monocrystals.
The structuring of the t-ZnO nanoform is 

tightly connected to the crystal properties of the 
B4 monocrystals, yet cannot be described solely 
by the laws that govern their formation. 

In our previous work [15] among the theoret-
ically studied polyhedral clusters only two were 
found to be thermodynamically stable in the 
conditions of t-ZnO synthesis – the Zn85O80 and 
Zn146O140 B3 octahedra. This provides additional 
proof to the octahedral nucleus t-ZnO formation 
model [8]. Thus during the initial stage of forma-
tion the morphological properties of the nucleus 
are the ordering parameters controlling the rel-
ative arrangement of the priority [0001] growth 
directions in the four fi rst generation rod crys-
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tals of the tetrapod hierarchical nanostructure 
(Fig. 2). The crystals can be easily separated due 
to the existence of stacking faults occurring be-
cause of mismatches of crystal planes [16].

From a mathematical point of view the t-ZnO 
structure unites four independent spaces of B4 
growth, hence a topological description is ap-
plicable.

TOPOLOGICAL MODEL OF THE ZnO 
TETRAPOD STRUCTURE

A tetrapod isolated from the tetrapod array is 
formed in �3 space with a usual topology. However 
according to diffractometry and electron micros-
copy studies [17], each of the B4 crystals grows in 
its own crystal growth space.

Thus, at the fi rst growth stage the octahe-
dral nucleus is formed in the topological space 
(TS) of B3 crystal growth XB3, where positions of 
atoms are defi ned by the separation of XB3 into 
ele mentary cells of the ZnO B3 crystal lattice. A 
Zn146O140 octahedron is considered the stable nu-
cleus form. A non-optimised arrangement of at-
oms in such a nucleus is equivalent to a closed 
subset Z XB B3 3Ã  (Fig. 3a).

At the second growth stage the growth space 
transforms around ZB3 and four B4 crystal growth 
regions XB4|i , i = 1,…,4 appear. Here and further 
the “|” symbol is used to separate indexes.

In the context of graph theory, a structure 
that contains the octahedral ZnO nucleus and 
four crystals growing from its four unpassiv-
ated (111) faces is an oriented noncyclic graph 
(Fig. 3b). The growth space on this stage is a dis-
junctive sum Z X X X XB B B B B3 4 1 4 2 4 3 4 4» » » »| | | |  
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where X iB i4 1 4| , , ,={ }…  are non-overlaping TSs 
of B4 crystal growth. Each XB4|i space is separat-
ed into subsets XB4|i|Zn and XB4|i|O according to po-
sitions of Zn and O atoms in the B4 crystal lat-
tice, respectively.

Since the number of atoms in the octahedral 
core in comparison to the number of atoms in 
the B4 crystals of the t-ZnO structure both diag-
nosed experimentally and theoretically is insig-
nifi cantly small, |ZB3| ∏ |XB4|i| ≈ 10–9 or it may be 
absent entirely, it may be neglected when mod-
elling the t-ZnO structure. This will have an ef-
fect on the structure of the graph (Fig. 3c). Then 
to form a t-ZnO structure atoms will take posi-
tions according to the TS

 X XB i
i

t-pod =
=

4
1

4

| .∪   (1)

Each space XB4|i is homeomorphic to a compact 
TS of a B4 crystal’s growth XB4|0 and can be defi ned 
by a system of continuous mappings
 F f f X Xi Bt-pod t-pod= º Æ{ , , } :  ,|1 4 0  (2)
which by mapping XB4|0 arrange the four spaces 
constituting (1) in accordance with the symmetry 
of the unpassivated facets of ZB3 (Fig. 4).

Having defi ned a fi nite-size B4 crystal XB4|0 
centered at the origin (0,0,0) and oriented so 
r[0001] � rz, where r[0001] is the [0001] crystallogra-
phic direction in XB4|0 and rz is the direction of 
the z axis, each fi function can be defi ned by a se-
quence of translation and rotation. 

In the thermodynamic conditions of synthe-
sis the [0001] direction in each of the B4 crys-
tals of the t-ZnO structure is the priority growth 
direction and each crystal grows “stretched” in 

Fig. 1. ZnO tetrapods. a, b – different magnifi cations [2]
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the direction from the t-ZnO center and “com-
pressed” in the lateral directions. Then with the 
addition of a preliminary mapping of contract-
ing scaling the functions will include all affi ne 
transformations: 
 " = Æf f f X Xfaff i rot i tr i R aff isc i| | | ||[ ]:  ,D D  (3)

where  fsc|i, ftr|i и frot|i are scaling, translation and 
rotation mappings, respectively and XR Ã �3. In 
the optimised matrix form designed to model the 
t-ZnO structure
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where y i  and ji  are rotation parameters around 
the x and z axes, sx и sz are scaling parameters 
along the x and z axes respectively, a is the size 
of the initial crystal and ( ) /a sz◊ 2is the translation 
parameter that aligns the image’s border with the 
x–y plane.

The full set of parameters for the mappings 
from the system
 F f f X Xaff affi R= º Æ{ , , } :  ,1

that provide the tetrapod confi guration is given 
in Table 1. The result of mapping a TS XR|0 of the 
size a with functions (4) and the parameters from 
Table 1 is shown in Fig. 5a. 

By limiting Xt-pod to

 X f X Xaff i R B i
i

t-ZnO = «
=

( ( ) )| | |0 4
1

4

∪
the B4 lattice structuring from the respective XB4|i 
is preserved yet the anisotropy of the growth 
speed is refl ected in the t-ZnO structure model. 
The maps of a hexagonal prism crystal generated 
using parameters from Table 1 (sx increased to 
0.54) are shown in Fig. 5b.

FORMATION MODEL OF ZnO 
TETRAPODS

The spontaneous formation of t-ZnO hier-
archical structures indicates the existence of 
an evolutionary process that includes the tran-
sition of initial Zn samples to the gas phase and 

ZB3
∼= Zn146O140

ZB3 ⊂ XB3

ZB3

XB4|1

XB4|2

XB4|3 XB4|4

XB4|1

XB4|2

XB4|3 XB4|4

Fig. 2. [0001] crystal growth directions in four B4 
crystals forming on the B3 octahedral Zn146O140 

nucleus. Bright atoms – Zn, dark atoms – O

                                a                                                                b                                                             c
Fig. 3. Graphs refl ecting the t-ZnO structure evolution. a – formation of the ZB3 octahedral nucleus; b – forma-
tion of the B4 crystal growth topological spaces {XB4|i , i = 1, …, 4} on the facets of the Zn146O140 nucleus; c – dis-
solution of the nucleus and preservation of the confi guration of four [0001] B4 crystal growth directions in 

{XB4|i , i = 1, …, 4}
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its exit from the gas phase as t-ZnO. The exter-
nal ordering parameters – the open system of 
the vapor transport synthesis reactor and the 
continuous infl ow of reagents – together with 
the inherent ZnO crystal structuring properties 
create conditions that sustain the functioning 
of a t-ZnO generation system as a morphogen-
esis program aiming to reach a fi nal ideal, simi-
lar to homeostasis. Such a fi nal ideal is defi ned 
by the mutual infl uences of components in the 
tetrapod generation system among each other. 
For systems that dissipate energy and informa-
tion, such as the t-ZnO generation system, this 
ideal state is described by an attractor  – a set of 
a dimension smaller than the dimension of the 
dissipative system, to which the neighbouring 
states of the dissipative system are drawn to 
with time [14].

Translational methods used for describing 
crystal structures and quantum-chemical model-
ling methods which regard the attractor of a dis-
sipative systems as a uniquely defi ned state un-
related to the surrounding medium are incapable 
of effectively describing the formation process of 
t-ZnO hierarchical structures, which is dependent 
on the reactor temperature, the reaction time 
and the causal relationships between the stages 
of  t-ZnO ele ments formation.

The interacting octahedral clusters in the 
t-ZnO reactor medium can be considered  is-
lands forming a precrystallisation percolation 
system in the 3-D Folmer-Weber mechanism of 
thin fi lm crystallization [6]. Then the process of 

t-ZnO generation is a technological cycle with 
the follo wing stages:

1. ZnO synthesis in the gas phase.
2. Formation of octahedral nanocrystalline 

B3 nuclei.
3. Formation of dynamic self-assembled pre-

crystallisation percolation structures of octahe-
dral nuclei.

4. Crystallisation of the percolation structures 
into t-ZnO hierarchical structures.

5. Formation of a discrete array of similar ZnO 
tetrapods.

Despite the difference in formation ener-
gy of the B3 and B4 polymorphic modifi cations 
[20], in the extreme non-equlibrium ZnO syn-
thesis condition primary nanoforms may nu-
cleate as both B3 and B4, B3 being preferable. 
The short reaction times and the spontaneous 
character of interactions require the formation 
model to handle time parametrisation in a non-
classical way. 

The structure of the gaseous system of octa-
hedral nuclei and ZnO clusters in the approxi-
mation of an infi nite number of infi nitely small 
particles is a structureless array of chaotically 
moving dots. The XR TS of such a system of dots 
moving in �3  with in the approximation of an in-
fi nitely large reactor is path-connected [21]. Then 
the dynamic percolation system state refl ects a 
transitional state between XR and the discon-
nected Xt-ZnO TS:
 X XR Æ t-ZnO.

XB4

XB4|0 ⊂ XB4

XB4|1

XB4|3

XB4|4 XB4|2

f1

f3

f4

f2

Fig. 4. Defi ning the topological space {XB4|i, i = 1, . . ., 4} as maps of an initial XB4|0 B4 crystal 
growth topological space
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This transitional state unites the properties 
of both systems and is characterised by kinetic 
instability. 

Since the vapour-transport synthesis system 
is thermodynamically open, the number of dy-
namic particles and the number of their possible 
arrangement in space does not decrease with time 
as more material enters the reactor zone.

Instead of linearly searching through all pos-
sible locations in space and rotations of octahe-
dral nuclei, calculating interatomic electrostatic 
forces for every moment of time during the evo-
lution of the chaotic dynamic system of particles 
in the high temperature synthesis medium, which 
is nearly impossible with modern technology, an 
optimization  of the t-ZnO formation model is 
proposed. The optimization is based on accept-
ing the approximations that take into consider-
ation the real conditions in the t-ZnO vapour-
transport synthesis medium:

1. Constant infl ux of initial Zn and O2 compo-
nents into the thermodynamically open reactor.

2. High density of the reactor medium that 
leads to ZnO nuclei formation.

3. The most probable confi guration of a nu-
cleus is the Zn146O140 B3 octahedron.

4. The tetrahedral symmetry of the nuclei de-
fi nes their most probable relative arrangement 
during the formation of a precrystallisation per-
colation system according to the Folmer-Weber 
mechanism.

5. Ubiquitous transformation of each nucleus 
into four B4 crystals.

6. Nuclei are attracted to each other in the 
dynamic system.

7. B4 crystals are momentarily formed around 
the nucleus with the priority [0001] directions per-
pendicular to the tetrahedrally directed unpassiv-
ated (111) facets of the octahedral B3 nucleus.

8. Only the most probable growth scenarios 
succeed due to the highly non-equilibrium con-
ditions in the reactor.  

9. The sizes of the nuclei and particles in the 
reactor medium are negligibly small and can be 
described as dots.

10. Each tetrapod in the generated array is 
formed according to a single principle.

The attraction forces between the nuclei in 
the dynamic system will determine the appear-
ance of attractors – sets of positions to which sta-
ble states of the interacting system will be drawn 
to with time.

A developing dynamic system description 
method, supported by the fundamental theorem 

                                a                                                                b                                                             c
[Fig. 5. a – Xaff|i maps of the XR|0 topological space. XR|0 is depicted as the larger cube; b – Xt-ZnO growth topo-
logical space; c – At-ZnO attractor yielded by Ft-ZnO. Dots related to different topological spaces of crystallisa-

tion are marked with different colour]
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[Table 1. Rotation parameters yi, ji and scaling 
parameters sx и sz for functions of the type (4) 

defi ning Xt-ZnO]
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of dynamic systems [26], is the iterated mappings 
in metric space [27]. The iterated function sys-
tem (IFS) [25]: 
 F = { , , , , }X f f fN1 2 …  , (5)

where {f1,  f2, ..., fN} are continuous maps in the TS 
X, is a well developed method for describing 
attractor sets for stochastic non-linear dynamic 
systems. And IFS consisting of maps of the type 
(4) and parameters from table 1 will be denoted 
Ft-ZnO.

Using the chaos game algorithm [26] an at-
tractor At-ZnO  is yielded for the IFS Ft-ZnO. At-ZnO  
is a representation of contracting dynamic sys-
tem, in every point of which occurs the formation 
of an octahedral nucleus and its transformation 
into four tetrahedrally oriented crystal forma-
tion spaces. The arrangement of the new spaces 
is correlated with the global symmetry of the re-
actor medium defi ned by the affi ne mapping pa-
rameters (Fig. 5c).

According to the formulated formation mod-
el approximations each dot in At-ZnO  will denote 
a singularity where the TS XB3 transforms into 
four TS of B4 crystal growth constituting the t-
ZnO structure:
 X XB3 t-ZnO  .Æ  (6)

Such dots represent transitional states with-
out a defi ned crystal structure or shape. The TS 
transformation is analogous to a polymorphic 
transition controlled by nanoscale symmetry and 
will be referred to further as topological polypor-
phic nanoscale transformation.

According to the Folmer-Weber mechanism 
as the concentration of particles grows the gaps 
in the percolation system are fi lled and the sys-
tem crystalises. At this modelling stage the dots 
represent atomic clusters, atoms of which occupy 
nearest positions in the B4 crystallic lattice TSs 
bordering with the growing nucleus according to 
the separation of Xt-ZnO into positions of Zn and O 
atoms. Thus the attractor At-ZnO Ã \3  degenerates 
into the subsets of discrete XB4|i TSs constituting 
Xt-ZnO, to form the t-ZnO morphology model pre-
serving the non-linear formation dynamics effect 
and the hierarchical crystal structuring.

The rule of relation of a dot xn in the attractor 
A of IFS F  to the crystalisation TS X i Ni , , ,=( )1…  
in accordance with the mapping fi that generated 
the dot is formulated: to defi ne which crystalisa-

tion TS Xi is related to the dot xn generated by the 
chaos game algorithm, xn is associated with the 
mapping f i Ni , , ,=( )1…  that generated xn: 
 x x in nÆ ( ),  ,  (7)
where i is the index of function fi ŒF . The 
application of the rule of relation (7) to At-ZnO  is 
illustrated in Fig. 5c, where each dot relating to 
one of the four crystallisation TSs is marked with 
a different colour.

Despite the percolation system model does 
not include objects representing Zn and O atoms 
the formation process is controlled by the exper-
imentally deduced and theoretically calculated 
characteristics of ZnO nanocrystals, their growth 
kinetics and polymorphic transformation prop-
erties corresponding to the thermodynamic con-
ditions in the reactor medium. Thus, the substi-
tution of XB3 by XB4 when using parameters from 
table 1 and mappings (4) to model the percola-
tion system formation

 X XB3
Ft-ZnO

t-ZnOæ Ææææ  (8)

by yielding the attractor At-ZnO  is justifi ed. The 
stochastic nature of the chaos game algorithm 
makes it similar to nature. Numerical calculation 
errors do not affect the model as the process of 
convergence to At-ZnO  continues with every 
following iterative mapping.

The rotation angles defi ning the tetrahedral 
symmetry can deviate from perfect values creat-
ing more realistic models [27].

The substitution of a multi-element mapped 
set by a single-element set [25] optimises the cal-
culation and allows to generate 105–106 new dots 
per second.

CONCLUSION
The stochastic nature of the percolation 

structure formation process results from the 
fl uctuating changes of pressure, particle con-
centration and temperature in the reactor me-
dium. On the other hand the replicability of the 
transformation process (8) results from the opti-
mised thermodynamic conditions that allow for 
the transformation process to happen only ac-
cording to the topological nanoscale polymor-
phic transformation (6). Thus the processes of 
polymorphic transformations of ZnO nanostruc-
tures in the high-temperature chaos of the va-
pour-transport synthesis system lead to a col-

Конденсированные среды и межфазные границы, 2019, 21(4), 458–470
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lective synergetic process of ZnO hierarchical 
structures self-assembly.

The topological approach opens new possibil-
ities in modeling more complex dendrite struc-
tures consisting of monocrystal elements, also 
known as oriented attachment growth structures 
[28] and fractal nanosystems [29, 30].

In summary, a topological model of the 
t-ZnO was developed, its hierarchical structure 
was mathematically identifi ed as consisting of 
four linked TSs of B4 crystal growth. The TSs 
are arranged by affi ne mappings of an initial 
B4 crystal growth TS. The transition from the 
octahedral B3 nucleus growth TS to the four B4 
crystal growth TSs are considered as a transfor-
mation of the B3 crystal growth TS at the na-
noscale.

The chaos – nucleus – percolation system – 
crystal nanotechnological self-assembly  cycle 
stages were formulated to describe the forma-
tion of the t-ZnO array. The cycle determines a 
topological transition from a path connected gas 
phase TS to the disconnected t-ZnO hierarchical 
crystal structure formation TS.

A hierarchical nanostructure formation mod-
elling method was developed basing on yielding 
an IFS attractor. The transition from the chaotic 
dynamic array of particles in the gas phase to a 
percolation system model with a defi ned law of 
the transformation and attraction of elements 
is guided by the parameters of affi ne mappings 
forming the confi guration of the TSs of crystal 
growth in the hierarchical system.

The rule of relation of a yielded attractor dot 
to a crystalisation TS in the hierarchical struc-
ture was formulated.
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Аннотация
Цель работы. Разработка обобщенной математической модели формирования ие-
рархических кристаллических наноформ тетраподов оксида цинка, полученных га-
зотранспортным синтезом в условиях динамического хаоса частиц.
Методы и методология. Топологических анализ полиморфной трансформации на 
наномасштабе, нелинейная динамика формирования самоорганизованных структур 
в условиях динамического хаоса. Метод построения аттрактора аффинной системы 
итерированных функций, параметры для которых определены экспериментальными 
методиками диагностики: электронной микроскопией, дифракционными исследо-
ваниями и численными методами квантово-химических расчетов ядра иерархических 
структур.
Результаты. В работе установлена систематика тетраподов как иерархических структур; 
определен нанотехнологический цикл самоорганизации тетраподов оксида цинка 
хаос – ядро – перколяционная система – кристалл; произведена математическая  иден-
тификация структуры тетрапода как четырех связанных топологических пространств 
роста вюрцитного кристалла; разработан метод моделирования процесса формообра-
зования тетрапода построением аттрактора системы итерированных функций; уста-
новлено правило принадлежности точки в аттракторе модельной нелинейной стохас-
тической динамической системы топологическому пространству кристаллизации в 
формирующейся самоорганизованной иерархической  кристаллической структуре.
Разработан теоретический подход, позволяющий создавать и модифицировать мо-
дели трехмерных пространственно-распределенных иерархических кристаллических 
структур с новыми, по сравнению с монокристаллом, физическими и топологичес-
кими свойствами, управлять их формой и классифицировать их по топологическим 
и симметрийным признакам.
Заключение. Формирование тетрапода оксида цинка происходит в четырех тополо-
гических пространствах, моделируемых непрерывными отображениями пространства 
роста вюрцитного кристалла B4. Переход от роста сфалеритного ядра к росту четырех 
вюрцитных кристаллов, образующих иерархическую структуру тетрапода, рассмат-
ривается как разрыв топологического пространства роста при полиморфноий транс-
формации на наномасштабе. Топологический подход с использованием метода аф-
финноий системы итерированных функциий применим для моделирования пред-
кристаллизационного этапа формирования мультиподов, а также дендритных 
кристаллических структур и фрактальных нанокомпозитов, для предсказания их 
морфологии, геометрических и структурных свойств.
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