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Abstract
In this study, we considered thermal processes in liquid and frozen water droplets with added dye molecules and metal 
nanoparticles at the moment of supercontinuum generation. We studied optical non-linear processes in a water droplet 
with a diameter of 1.92 mm, cooled (+2 °C) and frozen to -17 °C, with eosin molecules and ablative silver nanoparticles 
upon femtosecond laser treatment. 
When we exposed a cooled water droplet and a piece of ice containing eosin molecules and ablative silver nanoparticles to 
a femtosecond laser beam (l = 1030 nm), we recorded two-photon fluorescence, enhanced by plasmon processes. Also, 
supercontinuum generation took place, with a period of decay t = 0.02 s. The geometry of non-linear large-scale self-focusing 
(LLSS ~ 0.45–0.55 mm) was studied. The value of microscale self-focusing (LSSS ~ 0.1 mm) of SC radiation in the laser channel 
was determined experimentally. The study shows that the energy dissipation in the SC channel increases when the thermal 
non-linearity exceeds the electronic non-linearity. We modelled the thermal processes and determined the temperature 
gradient of the heating of the frozen droplet exposed to a femtosecond pulse. Based on the experimental data, the heat 
wave propagation velocity was calculated to be n = 0.11 m/s.
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1. Introduction 
For the first time, the phenomenon of the 

generation of white light in the range of 0.4÷3.0 µm 
with the formation of a supercontinuum (SC) with 
a very wide spectrum (low temporal coherence) 
under femtosecond laser irradiation with an 
intensity of about ~1 GW/cm2 was reported in 
1970 by Alfano and Shapiro in their works [1]. 

Spatio-temporal high-intensity localisation of 
optical energy is accompanied by the non-linear 
polarisation of the medium and the generation 
of plasma filaments with the formation of a SC. 
To date, there have been published significant 
experimental and theoretical data on the 
spectral-energy issues of the propagation of a 
high-intensity electromagnetic field in various 
media [2–9].

Among the studies of self-focusing laser 
radiation with SC generation (in the wavelength 
range of 400–1500 nm) in various media, the most 
interesting are those in condensed media with 
silver nanoparticles (SNPs). In such cases, there 
are changes in the non-linear refractive index 
due to thermal effects [10–12]. The emergence 
of a laser pulse track during self-focusing is 
accompanied by the heating of the medium and 
a flash of white light, adding Dn to the refractive 
index due to the heating of the medium. Since 
the temperature derivative dn/dT can be either 
positive or negative, both non-linear self-
focusing and defocusing can be observed [13, 14].

In this study, we consider thermal processes 
in liquid and frozen water droplets with eosin 
molecules and SNPs occurring when a SC is 
generated upon a femtosecond laser action on the 
medium. Most of the non-linear refractive index 
of ice (80–90 %) is associated with electronic 
polarisation in the optical Kerr effect. However, 
thermal non-linearity is significant only for 
nanosecond and longer pulses [15], especially 
under pulsed femtosecond laser irradiation. 

At the same time, thermal non-linearity is 
an essentially non-local effect due to thermal 
conduction processes that occur not only in the 
volume where SC propagates, where radiation is 
absorbed, but also in neighbouring regions. 

In this regard, this article is devoted to the 
study of the kinetics of thermal processes in the 
SC channel, when SC is generated in a piece of ice 
containing eosin and ablative silver nanoparticles.

2. Experimental 
We studied water droplets with eosin and SNPs, 

hanging on a steel needle. In this study, we used 
SNPs with an average radius of 36 nm, obtained 
by femtosecond laser ablation of chemically 
pure silver in bidistilled water. The droplet 
diameter was 1.92 mm. It was measured using an 
Olympus BX43 microscope with a video camera. 
A droplet was cooled from room temperature 
to –17 °С by blowing it with gaseous nitrogen, 
obtained by heating liquid nitrogen in a cryostat 
using a thermoelement. The temperature was 
measured with a chromel-copel thermocouple, 
its wires were located inside a microsyringe on 
which the droplet was hanging. Spectral-energy 
processes were registered using a linear optical 
sensor (ООО LOMO FOTONIKA based on Toshiba 
TCD-1304 linear CCD sensor) with temporal 
resolution 0.2 ms and spectral resolution 2 nm, 
and a MotionPro X4 high-speed motion camera 
(REDLAKE). The study of the SC generation 
in aqueous solutions was carried out using an 
Avesta TETA-25 femtosecond laser complex with 
an ytterbium crystal (pulse parameters: duration 
t = 280 fs, energy W = 150 µJ, wave length l = 1030 
nm, pulse repetition frequency n = 25 kHz, and 
the duration of a pulse train ttr = 0.2 s).  

Fig. 1. Layout of the main elements of the laser system: 
1 – thermocouple droplet holder; 2 – oscilloscope 
connected to a thermocouple, 3 – Avesta TETA-25 
ytterbium femtosecond laser; 4 – G5-56 double-chan-
nel pulse generator; 5 – monochromator with optical 
linear scale and telescope; 6 – MotionPro X4 high-
speed motion camera (by REDLAKE); 7 – computer 
with specialised signal processing program; 8 – nitro-
gen gas generator
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Droplets of solutions containing eosin 
molecules and SNPs were frozen to temperature 
Т = –17 °С, then the formed pieces of ice were 
exposed to a femtosecond pulse train and 
emission spectra of SC were recorded.

In order to obtain a SC, we used a quartz 
lens with focal length f = 50 mm for the optical 
compression of radiation. As a result, filaments 
were formed inside the water droplet in the SC 
emission channel with a diameter of less than 
100 µm. The power density of the pulse was about 
6.8·1016 W/m2. The SC emission was always excited 
by a train of femto pulses with a repetition period 
of 40 µs and a total train duration of ttr = 0.2 s (a 
total of 5·103 pulses in a train). 

3. Results and discussion 
The study of energy processes accompanying 

the SC generation in condensed media is mainly 
aimed at studying liquid aqueous solutions [4, 7], 
depending on the temperature and the presence 
of metal nanoparticles and other substances. We 
wanted to carry out a comparative study of non-
linear processes (optical, thermal) taking place upon 
the SC generation in solutions of eosin with SNPs 
at temperatures near zero and in frozen solutions. 
Dye molecules have a high quantum yield, which 
can be specially enhanced by plasmonic processes 
in the presence of nanoparticles of precious 
metals (silver, gold). Therefore, providing that the 
ingredient concentrations are constant, they can 
be used for studying SC processes in aqueous and 
frozen solutions. 

In the first set of experiments, we studied the 
SC generation upon femtosecond laser action on 
aqueous eosin solutions with a concentration of 
Ce = 2·10–4 М with added SNPs with a concentration 
CAg ≈ 10–12 М at low temperature. The excitation 
power of aqueous solutions with SNPs and dye 
molecules was < 1.0 MW without compression, the 
peak power of the pulse significantly exceeded the 
power threshold of self-focusing in pure distilled 
water, which is Pc = 0.63 MW [16] (Pc = cl2/(32π2n2), 
where  n2 is the non-linear refractive index). Under 
these conditions we managed to obtain the SC 
emission upon irradiation self-focusing with a 
power density of about 6.8·1016 W/m2 [17]. Eosin 
molecules and SNPs were added to the aqueous 
solution in order to achieve the plasmon effect 
on the processes of fluorescence in the solution 
during the SC generation [18]. 

Fig. 2a shows one of the video frames of a 
water droplet with an exposure texp = 0.002 s at a 
temperature T = +2.0°C. 

The droplet is illuminated for the duration 
of the excitation laser train ttr = 0.2 s. The laser 
beam (l = 1030 nm) incident on the surface of the 
droplet was focused by a lens. As a result, a bright 
luminous white spot appeared, with a size of less 
than 100 µm. The SC generation at this point is 
due to a change in the refractive index on the 
spherical surface of the droplet at the air-water 
interphase. Against the “silhouette” of a spherical 
water droplet, we can see bright filaments of the 
SC emission in different areas of the droplet. When 
the beam entered the water (indicated by the 

Fig. 2. Video frame of a water droplet with eosin and SNPs (a). The arrows show the propagation of laser radi-
ation after entering the droplet. The SC spectra (b) with an envelope curve with phase modulation of the ra-
diation signal in a water droplet at a temperature of T = 2.0 °C: 1 and 2 – droplets of pure water at different 
excitation power; 3 and 4 – water droplets containing eosin without SNPs or with SNP, respectively. Change (c) 
of the integral intensity of the SC emission in a droplet with eosin and SNP during the radiation train lasting 
for t = 0.2 s
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arrow), the emission of water vapour in the form 
of a mist was recorded. In the upper part of the SC 
input spot, there was a track of the refracted beam 
(shown by the arrow), which went in an arc to the 
upper part of the droplet, where the SC filament 
appears. According to the laws of refraction, 
the beam was reflected on the inner water-air 
interphase and the SC filament was generated, 
accompanied by flashes of plasma filaments. In 
the lower part of the SC input spot, the laser beam 
remained horizontal, it was an extension of the 
exciting beam (horizontal arrow). In this direction, 
along the arrow, a bright luminous point inside the 
droplet was recorded at some distance from the SC 
spot. Then the beam curved and left the droplet 
without generating a SC. 

Two physical non-linear processes can be 
considered, when the laser radiation propagates 
in a cooled droplet at T = +2.0 °C. First, part of 
the laser light entering the droplet propagates 
according to the laws of linear optics along a 
curvilinear track (the upper beam in Fig. 2a). 
Meanwhile, the power of this radiation decreases 
and no SC is recorded. However, upon the water-
air transition of the beam, the radiation self-
focuses additionally at the point of refraction 
and the SC is generated. It rapidly decays, not 
reaching the centre of the droplet. Secondly, we 
have another part of the incoming radiation at 
the bottom of the SC emission spot (lower part 
of the figure). In the aqueous medium, a non-
linear self-focusing of the infra-red radiation is 
recorded there at some point along the beam’s 
track, where the eosin fluorescence occurs 
(l = 532 nm) under two-photon excitation. This 
issue will be discussed further when studying the 
processes of SC generation in a frozen droplet. 
It should be noted that no such beam splitting 
processes were recorded in the water droplet at 
room temperature, only chaotic thin filaments 
of plasma spark glow and Kerr non-linear 
polarisation appeared (see article [17]). 

Thus, in a water droplet cooled almost to the 
freezing point, various non-linear processes of 
light refraction and two-photon excitation of 
fluorescence of eosin with SNPs occur. When 
radiation transfers into another medium, SC 
filamentation takes place. 

It is known that filaments of the SC generated 
by high-intensity laser action are sources of 

broadband optical radiation with a maximum 
at the radiation wavelength. Since we studied 
the generation processes in aqueous solutions 
containing eosin molecules and SNPs, occurring 
under intense laser irradiation, it was of interest to 
obtain information on the spectral composition of 
the SC in water at a low temperature, T = +2.0 °C.

Figure 2b shows the instantaneous spectra 
of the SC emission in droplets of pure bidistilled 
water at a low temperature with broadening 
due to phase modulation of radiation (Fig. 2b, 
curves 1 and 2). It also presents the SC spectra 
with the emission maxima in water containing 
eosin molecules without SNPs (Fig. 2b, curve 3) 
and with SNPs (Fig. 2b, curve 4). 

The presence of phase modulation in the 
emission channel with spectral broadening of 
the SC is accompanied by spectral emission 
of the constituent elements in samples of 
different physical natures. When analysing the 
SC generation spectra, it must be noted that 
self-focusing is accompanied by an uncontrolled 
change in the intensity of the laser pulse phase, 
resulting in the complex spatial dynamics of the 
laser beam, which is further complicated by the 
fluctuation of laser radiation [2]. Consequently, 
the spectrum will exhibit chaotic changes in 
the intensity of the SC emission along the front 
edge of the SC emission envelope. Thus, when 
recording the SC spectra in the 400–700 nm 
wavelength range, each frame with an exposure 
of texp = 0.002 s shows a set of spectral bands of 
absorption-emission from the components in the 
SC channel. Thus, by studying the features of the 
spectral distribution of the SC emission maxima, 
we can determine the SC spectra of pure water 
(Fig. 2b, curves 1 and 2). The obtained spectra 
are well known because they are scientifically 
valuable references [4]. 

When the solution contains eosin molecules 
and SNPs, SC generation is accompanied by 
the excitation of localised surface plasmons in 
the SNPs. It is characterised by the scattering-
emission spectrum in the wavelength range of 
420–460 nm (Fig. 2b, curve 3) [8,18,19]. Figure 2b, 
curve 4, shows the SC spectrum of the eosin 
solution with SNPs. This spectrum reflects the 
simultaneous excitation of amplified fluorescence 
of eosin molecules in the SC channel of a water 
droplet under the influence of plasmons with 
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maxima at wavelengths of 530 nm and 580 nm 
(Fig.2b, curve 4). It also shows the scattering-
emission spectrum of the SNP emission in the 
wavelength range of 420-460 nm [20]. 

Thus, the instantaneous SC emission spectra of 
eosin solutions with SNPs near the freezing point 
(T = +2.0 °C) reflect the processes of SC generation 
in pure water and the SC spectra of two-photon 
excitation of fluorescence of eosin molecules, 
when the fluorescence is amplified by plasmones 
under the influence of SNPs in a solution.

It should be noted that when studying 
the spectral features of ultrashort pulses in 
a condensed medium, the authors showed in 
article [21] that the spectral dynamics can be 
simulated. In this case, simulation can be carried 
out for SC generation processes with ultrashort 
femtosecond laser pulses only, due to their 
strong non-linearity, as well as when solitons are 
formed [22]. Therefore, with longer femtosecond 
excitations of SC, it is possible to study only the 
spectral-time evolution of the envelope of the 
radiation spectrum of a femtosecond pulse [2]. 

The processes of SC generation in frozen 
droplets with eosin molecules (Ce = 2·10–4 М) 
and SNPs (CAg ≈ 10–12 М) occur in a completely 

different way. Fig. 3a shows video frames of 
the SC radiation in a piece of ice (the frames 
were recorded every texp = 0.002 s) until the SC 
completely decays. It covers a period of the 
current laboratory time from 0.302 to 0.322 s from 
the start of the shooting (tsc = 0.02 s).

Let us consider the optical processes of energy 
conversion in a piece of ice under femtosecond 
laser excitation. It was shown above that the SC 
light emission channel is divided into separate 
glowing elements (pixels). We considered the 
change in the intensity of the SC pixels along 
the emission channel (its cross-section area is 
7.85·10-9 m2) along the diameter of the piece of 
ice from the point of time and the coordinate. 
In addition, we determined the law relating to 
a decrease in the integral pixel intensity (pixel 
cross-section intensity) in the SC channel. 

Fig. 4a selectively shows 6 intensity profiles of 
the SC radiation in a piece of ice at different time 
points of the existence of the SC. Its total duration 
was tsc = 0.02 s from initiation to complete decay. 
The total time of action of a laser radiation train 
on a piece of ice is ttr = 0.2 s. 

First, we determined that the maxima of 
the SC intensity profiles, which initially (frame 

Fig. 3. Video frames (a) of the SC radiation in a frozen spherical droplet at a temperature of –17 °C with eosin 
molecules and SNPs along the diameter of the frozen droplet, the timestamp of the video shooting is indicated. 
Kinetic curve of changes in the SC radiation intensity (b)
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by frame) increased sharply, and then begin to 
decrease, while moving along the diameter of 
the piece of ice until the SC completely decays 
after 0.02 s. The areas of the pixel profiles 
proportional to the SC intensity were calculated, 
without taking into account the background light 
scattering. Then we considered the features of the 
registered intensities of the SC pixels. 

In the first frame (Fig. 4а, profile (1), time 
point t1 = 0.302 s), the first pixel in the SC light 
emission channel was recorded. We can see 

that the first pixel (1) appears not at the zero 
coordinate х0 = 0.0 mm. It is slightly shifted inside 
the droplet. Obviously, the first SC pixel appears 
due to the self-focusing of the femtosecond laser 
beam at a distance of LLSS during the transition 
from air to the piece of ice. It is followed by 
Kerr non-linear polarisation of the medium and 
multiphoton processes [2, 7]. Indeed, when the 
laser beam passes from air to the piece of ice, non-
linear self-focusing of the laser radiation in the 
ice occurs with the formation of a SC radiation 

Fig. 4. Profiles (a) of the SC intensity along the diameter of the ice with a time interval of Dt = 0.002 s (for the 
frames shown in Fig. 3а). The first profile (1) shows the optical length LLSS of the large-scale focusing of laser 
radiation entering the piece of ice. The SC intensity profile (2) shows the small-scale focusing distance LSSS. 
Decay kinetics (b) of the SC radiation fronts along the coordinate along the diameter of the piece of ice
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pixel. Profile (1) in Fig. 4a shows the optical 
scheme of focusing a laser beam on a spherical 
surface of a frozen droplet, which is a spot with a 
linear size of < 100 µm. The scheme is similar to 
the laser beam focusing on the surface of a cooled 
drop in Fig. 2; an additional image of the second 
luminous point of the SC inside the water droplet 
is also provided. The optical scheme (1) of self-
focusing inside a piece of ice presented in Fig. 4a 
shows the trajectory of the beam in the piece of 
ice after refraction at a point on the optical axis 
of the piece of ice. 

The appearance of the initial SC emission 
pixel is associated with the refraction of the laser 
pulse on the surface of the frozen droplet and its 
focusing. The focusing is determined by the value 
of the non-linear index of light refraction in ice: 

n* = n0 + n2 IL(t), 		  (1)

where n0 is the reference linear refractive index 
of ice, n0 = 1.32; n2 is the non-linear refractive 
index, n2 = 4.1·10–16 cm2/W [23]; and IL(t) is the 
power density of the radiation incident on the 
surface of the piece of ice due to the laser pulse 
compression in air after a focusing lens (see the 
Experimental section). Using the mathematical 
model from [4, 24], we determined the focal dis-
tance at the so-called critical self-focusing of 
femtosecond laser radiation after non-linear 
refraction of radiation in ice by the formula:
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where LLSS is the self-focusing distance on the 
main optical axis; P0 is the radiation power; r = 50 
µm is the beam radius; and Pcr is the critical pow-
er of self-focusing. The peak energy in water [4] 
for a laser pulse with l = 1032 nm is W =150 µJ, 
the impulse length is t = 280 fs. Thus, the peak 
radiation power is:

P
E

0 536= =
t

MW . 		  (3)

The critical radiation power was determined 
according to Kandidov [4]:
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2

0 28
2 96. MW .	 (4)

Then the distance of self-focusing of radiation 
and the formation of the focus of the first pixel 
in ice is LLSS = 0.44 mm.

Considering the SC emission profile (Fig. 4а, 
profile (1)), it can be seen that the distance 
between the focus and the surface of the frozen 
droplet LLSS coincides with the distance of 
macroscale self-focusing [23, 24] of laser radiation 
in ice, which is approximately at a distance of 
0.44÷0.55 mm from the surface of the droplet. It 
coincides with the actual position of the first SC 
radiation pixel. Thus, the experimental values 
coincide with the modelling parameters for non-
linear self-focusing processes. This situation 
correctly reflects the physical phenomena during 
SC generation in a spherical piece of ice. 

Considering all pixels appearing during the 
SC generation and decay time tsc = 0.02 s frame by 
frame, we can see that the first pixel (1) remains 
still at a distance of 0.44 ÷ 0.55 mm from the surface 
of the frozen droplet during the entire duration of 
the SC. Earlier, in [17], a study was carried out of 
the SC generation at low temperatures with silver 
NPs in water. It showed that the maximum of SC 
radiation moves in a medium with the speed of a 
heat wave. In our study, it was found that, under 
femtosecond excitation of SC in ice containing 
eosin molecules (see the Experimental), initially 
the first immovable SC pixel appears at the self-
focusing point LLSS. Moreover, on all profiles (1–
6), the coordinate of the first pixel of the SC does 
not shift and the intensity of this pixel almost 
does not change. 

It was assumed that this fixed pixel of the SC 
emission recorded in the first frame results from 
the fluorescence of eosin molecules upon the 
action of a train of high-intensity femtosecond 
laser pulses on the piece of ice. Since the 
laser (ytterbium crystal) radiation occurs at 
a wavelength of l = 1030 nm, the molecular 
fluorescence of eosin molecules (lex = 570 nm) 
could be excited only upon the two-photon 
excitation of the dye. Thus, in the case of the non-
linear self-focusing of a train of laser pulses inside 
a piece of ice, two-photon fluorescence of eosin 
molecules with a constant luminous intensity 
is generated. Since the fluorescence lifetime 
of eosin molecules is ~ 5 ns, the fluorescence 
emission remains quasi-continuous under the 
influence of a train of femtosecond laser pulses. 
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Fig. 4a, profile (2) shows the profile of SC 
emission in the piece of ice, obtained by analysing 
the following video frame, which already includes 
two SC emission maxima. At the coordinate of 
0.4–0.5 mm, there is a complex shaped pixel 
with a lower intensity, which is visible even on 
the previous profile. Behind it, at the coordinate 
~ 0.66 mm, there is a second pixel. The pixel 
with a smaller intensity was identified as the 
maximum of the eosin fluorescence emission 
upon two-quantum femtosecond laser excitation 
of the dye. The second, larger maximum on 
profile (2) indicates a non-linear increase in 
the perturbation velocity of the SC emission 
amplitude. Within the limits of this increase, 
the small-scale perturbations of the refractive 
index may grow [25]. Considering the intensity 
development within the second profile (2) at 
coordinates along the laser channel of the SC 
х = 0.4÷0.5 mm and х = ~ 0.66 mm, we can use 
formulas [23–25] to measure the coordinate shift 
of the amplification of small-scale radiation self-
focusing in the SC:

L
L

P
P

LSS

SSS cr

ª 0 ,	 (5)

where P0/Pcr is the ratio of the total and critical 
powers, calculated by formulas (3–4); LLSS/LSSS is 
the ratio of large-scale and small-scale self-fo-
cusing length values. In this case, LSSS ~ 0.033 mm 
is associated with an increase in the amplitude 
of non-linear self-focusing upon a change in the 
refractive index. Analysing the plots (Fig. 4a), we 
can determine that the experimental value of the 
small-scale self-focusing is LSSS ~ 0.1 mm, which 
is ~ 3 times higher than the calculated value of 
the increase in the SC intensity. It should be not-
ed that the increase in intensity occurs according 
to a complex dependence, which is indicative of 
non-linear processes of energy conversion in a 
piece of ice during the SC generation. For exam-
ple, Fig. 4b shows the kinetic curves of the growth 
of the intensity of the front edge of the SC emis-
sion in the piece of ice, calculated according to 
the exponential law, in different temporal coor-
dinates of frame-by-frame recording. It can be 
seen (Fig. 4b) that the frame-by-frame kinetics 
of the SC decay in the piece of ice slows down, 
resulting at the “delay” of the decay time of the 
SC luminescence after the end of the process. We 

can assume that the rate of decay of SC in the ice 
changes because the frozen droplet heats up, 
which causes a respective change in the refractive 
index. The resulting thermal non-linearity, as we 
know from [26], is an essentially non-local effect. 
Namely, due to heat transfer, the temperature 
changes not only in the volume absorbing the 
laser radiation, but also in the neighbouring re-
gions [27–29].

Thus, the studied optical non-linear processes 
of the kinetics of frame-by-frame decay of the 
SC radiation in ice samples show a significant 
effect of thermal processes during focusing and 
defocusing of radiation inside the SC generation 
channel. It is known that defocusing occurs in 
liquids or solids under the conditions of thermal 
non-linearity, causing a decrease in the refractive 
index. In this case it is due to the heating of the 
medium under the action of laser radiation. 
Approximately 40 µs before the next pulse in 
the train, the SC energy dissipates in the form 
of a radial transfer of thermal energy from the 
volume of the laser channel. It occurs as a result 
of the decay of the non-linear Kerr polarization 
(τ ~ 10–15s). During the exposure of each frame, 
a train of laser radiation consisting of 50 pulses 
acts on the droplet. The temperature within 
the excitation channel and around it increases 
and the refractive index changes. Further, after 
a period of tsc = 0.02 s, the SC light emission 
degrades because of the indicated reasons. 
When the SC in the piece of ice decays, a weakly 
decaying scattered glow of ice is observed, its 
intensity almost does not change.

It was of interest to estimate the value of 
the thermodynamic temperature in the spatio-
temporal coordinates of the SC channel, in 
which the coherent supercontinuum radiation 
completely degrades. For this purpose, in this 
work, we measured the areas of all registered SC 
radiation pixels in the studied samples of frozen 
droplets frame by frame, using the units of the 
integral luminous intensity of the pixels. 

Fig. 5 shows a graph of the change in the 
integrated luminous intensity of the SC pixels 
over the full SC lifetime, tsc = 0.02, approximated 
by the exponential function 

I t I A
t t
t

( ) = + ◊
- -Ê

ËÁ
ˆ
¯̃0 1

1

0

exp ,	  (6)
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where I0 is the integral intensity after the decay 
of the SC filament, background level; A1 is the 
maximum increase in SC intensity relative to the 
background level I0 at t1, a moment of time when 
SC generation begins; t0 is the average time of the 
SC decay in the piece of ice after excitation. 

When studying the intensity of the SC 
radiation in the channel along the diameter of the 
piece of ice at different timepoints of the record, 
it was found (Fig. 5) that at first the intensity 
of the SC pixels rapidly increases, reaching a 
certain maximum, and then exponentially decays 
according to formula (6). A sharp increase in the 
SC generation is indicative of the formation of a 
second radiation pixel (Fig. 4а, profile (2)), which 
reaches its maximum at a point with a coordinate 
of approximately ~ 1.0 mm, where non-linear Kerr 
polarisation arises [2] (at the focusing point of 
laser radiation). After this, the intensity values 
of the subsequent pixels of the SC generation 
decrease over time and shift along the coordinate 
of the SC radiation channel. The average shifting 
rate of the shift of the radiation maxima of the 
SC pixels along the diameter of the piece of ice 
is v1 = 1.92 mm/0.018 s = 106.6 mm/s ≈ 0.11 m/s. 

It should be noted that the spread in the 
integral values of the intensities of the SC 
generation pixels (the pixels represent a light 
guide channel with an ultra-wide spectrum), 
observed in Fig. 5, is stochastic due to modulation 
instability in a medium with Kerr-type cubic non-
linearity [2, 3]. In this case, possible physical 
processes causing a decrease in the SC intensity 

occur as a result of the processes of dissipation 
of energy obtained during the absorption of 
radiation in a non-linear medium (electron-
phonon interaction, destruction of the anisotropy 
of the medium in a light field, etc.) and the 
dissipation of energy with the generation of a 
heat wave within the SC channel. 

Thus, the optical heating of ice resulting from 
SC generation can cause thermal processes in the 
SC channel. Their propagation rate is dependent 
on the temperature gradient and the temperature 
conductivity index of the medium. As shown above 
(formula (6)), the decay of the integrated intensity 
of SC generation in a piece of ice is described by 
an exponential dependence; simultaneously with 
this, thermal processes also develop according to 
the known laws of generation and transfer of heat 
during laser action [30–32]:

C
T
t

a T I rv L( )

∂
∂

- = ◊ ( )D d .		  (7)

Т is  the thermodynamic  temperature; 
С(n) = 1.812·106 J/(m3·K) is the average specific heat 
of ice at -17 оC; t is the duration of laser radiation; 
a is the thermal conductivity; d is the absorption 
coefficient of ice at the laser radiation wavelength 
(d = 10 m–1 [33]); and IL(r) is the intensity of laser 
radiation in a beam with a radius of r. With a 
pulsed femtosecond laser action on a piece of ice, 
we can omit the thermal conductivity a, and, 
accordingly, the second summand in equation (7), 
and calculate the instantaneous temperature at 
the SC generation for a short period of time [21, 
23, 34]. In this case, all temperature gradients 
between molecules and SNPs during the emission 
period of one SC pixel (texp = 0.002 s) are levelled 
out due to the fast energy transfer. We can also 
omit the heat capacity and mass of eosin mole-
cules and SNPs in the generated SC. 

Let us calculate the temperature increase on 
the axis of the piece of ice during the entire time 
of the action of the train of electromagnetic laser 
pulse using the following equation, assuming 
that a stationary temperature field has been 
established [23]:

DT
Ir

fin = d
k

2

,		  (8)

where d is the absorption coefficient of ice at the 
laser wavelength, <I> = Wn/S = 4.78·108 W/m2 is the 
average emission power density during the peri-

Fig. 5. Decay plot of the integral radiation intensity 
of the supercontinuum pixels in the frozen droplet 
with eosin molecules (С = 2.10–4 М) and silver nanopar-
ticles (CAg ≈ 10–12 М) at an initial temperature of –17 °С. 
The dashed lines on the time scale indicate the SC 
generation range
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od of action of the train, S is the section area of 
the laser beam S = pr2, and k = 2.34 W/(m·K) is the 
thermal conductivity index of ice. We found that 
with DTfin = 5.1 K, the temperature on the droplet 
axis increased to –11.9 °С.

Using the data on the exponential dependence 
of the SC radiation decay in Fig. 5, assuming that 
the radiation intensity is proportional to the 
temperature, and taking into account the obtained 
data that the initial temperature is –17 °С, and 
the saturation temperature is –11.9  °С, we 
can measure the initial sharp increase in the 
temperature in the channel during 0.002 s, when 
the temperature reached its maximum value, and 
more inertial thermal conduction processes have 
not yet manifested themselves. The maximum 
intensity value on the graph corresponds to a 
temperature of –6.0 °C.

We also estimated the temperature at the 
moment of the maximum intensity of the SC 
radiation pixel at the coordinate х ~ 0.8 mm 
from the surface of the frozen droplet. We took 
into account that heating occurs due to the 
linear absorption of the radiation energy of 
50 laser pulses in the train during texp = 0.002 s. 
Considering that the distance over which the heat 
is dissipated by heat transfer can be estimated as 
l = (a·texp)

1/2 ≈ 51 µm [35], the average temperature 
increase in the channel with a radius r + l amounts 
to 

DT
R W t

C r l R
ch

v

=
- -( )( )

+( )
ª

( )

1 2

2
1 32

exp
.expd n

p
 °C,

but it is important to take into account the uneven 
distribution of heat in this volume.

We also estimated the average final 
temperature increment in the entire volume 
of heated ice after the SC decomposition over 
the time tsc = 0.02 s, which appeared to be only 
DТ = 0.2 °С. Therefore, in such work it is necessary 
to take into account that the temperature field in 
the volume of the droplet is distributed unevenly. 
For the indicated time, the SC radiation in the ice 
completely disappeared as a result of complex 
physical processes of energy dissipation, such as 
the decay of non-linear polarization, scattering 
of optical and thermal energy, etc. One of the 
indicators of irreversible energy dissipation of 
the SC in the ice was the registered scattered 

glow of the ice as a whole, which may be due to 
the thermal heating of the ice without visible 
melting upon the action of a train of pulses with 
a duration of ttr = 0.2 s.

Thus, after the first pulse and focusing of the 
laser beam, as a result of additional refraction on 
the spherical surface of a frozen water droplet 
with eosin molecules and SNPs, the SC amplifies 
with maximum intensity. During the lifetime of 
the SC radiation in the ice (tsc = 0.02 s), the piece 
of ice in the laser channel heated up from −17 to 
−11.9 °С. 

A temperature gradient in the laser channel 
with eosin molecules and SNPs upon femtosecond 
laser photoexcitation of the medium makes it 
possible to simulate the generation of a thermal 
wave in a non-linear medium. Namely, we can 
calculate the propagation velocity of a thermal 
wave according to the equation [30]:

v
C v r

=
( )

k
t

,		  (9)

where v is the propagation velocity of a heat wave; 
k = 2.34 W/(m·K) is the thermal conductivity of 
ice at −17 °С; C(v) = Cg is the volumetric heat ca-
pacity of ice, where С = 1.972·103 J/(kg·K) is the 
specific heat capacity of ice; g = 919 kg/m3 is the 
density of ice; and tr = 1·10–5 s is the dielectric 
relaxation time of ice [36]. Calculations show that 
n ≈ 0.359 m/s. 

Thus, before the complete decay of the SC in 
a laser-heated ice with eosin and SNPs, a thermal 
wave is generated with a velocity of n = 0.11 m/s. 
Its value almost coincides with the theoretical 
value of the propagation velocity of a thermal 
wave in ice.

4. Conclusions 
In this work, we studied optical non-linear 

processes in water droplets in liquid and frozen 
states with eosin molecules and SNPs at the 
moment of supercontinuum (SC) generation 
under femtosecond laser action on the medium. 
We obtained the following results:

1. We directed a train (duration ttr = 0.2 s) of 
femtosecond pulses at a power density of about 
6.8·1016 W/m2 (l = 1030 nm) on a spherical water 
droplet with a temperature of +2.0 °C, containing 
eosin and SNPs. As a result, we observed a 
spectrum of coherent SC radiation with phase 
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modulation and the spectrum of SNP plasmons 
in the wavelength range 420–460 nm. The 
generation of surface plasmons on SNPs of the 
droplet led to an increase in the intensity of two-
photon fluorescence of eosin molecules in the SC 
radiation filaments. 

2. The action of a train of laser radiation on a 
piece of ice with eosin and SNPs at −17 °С led to its 
self-focusing after crossing the air-ice interphase 
and the generation of a coherent white light SC. 
Using a high-speed video camera, the pixels of 
the SC radiation in the ice were recorded frame-
by-frame with a time step of texp = 0.002 s until 
the the SC radiation decayed completely, the SC 
lifetime was tsc = 0.02 s. After that, for a period of 
ttr = 0.2 s, only the decaying scattered glow of a 
piece of ice without SC was observed. 

3. When analysing the geometry of self-
focusing of the first SC pixels we determined the 
distance of non-linear large-scale self-focusing 
LLSS ~ 0.44–0.55 mm and the experimental value 
of the distance of small-scale radiation self-
focusing LSSS ~ 0.1 mm. These values indicated 
a rapid increase in the radiation intensity in 
the SC channel with the first two pixels. When 
the excitation pulses were repeated with a black 
period of t ~ 40 µs, the thermal non-linearity 
exceeded the electron. It accelerated the energy 
dissipation in the SC channel. Subsequent frames 
also showed a temporal exponential delay of the 
light decay at the SC pixels along the generation 
channel as a result of thermal conduction 
processes. 

4. When simulating the SC generation process, 
the exponential law of its decay after exposure to 
a laser pulse was determined. We also determined 
the instantaneous maximum temperature when 
the first pixel of the SC radiation in the piece of ice 
appeared, which is Тmax = −6.0 °С. The temperature 
of ice in the radiation channel after decay of 
the SC is Т ≈ −11.9 °С. Thus, it was found that 
the piece of ice after exposure to a femtosecond 
electromagnetic pulse train did not melt. 

5. The radiation kinetics of the SC pixels along 
the diameter of a piece of ice with eosin and SNPs 
indicates the presence of a temperature gradient. 
The gradient leads to the generation of a heat 
wave in a non-linear medium, the propagation 
velocity of which, according to modelling, is 
n ≈ 0.359 m/s. If we compare the velocity value 

obtained by conceptual modelling and the actual 
velocity value, we can see that v1 ~ v. 

Thus, the obtained results of the study of 
the femtosecond SC generation in a piece of ice 
containing eosin and SNPs showed that thermal 
optical non-linearity appears, develops, and 
degrades during the lifetime of the SC in ice.
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