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Abstract 
Purpose: To study the thermal conductivity of single crystals of a Ba1–xLaxF2+x solid solution and a semi-empirical description 
of changes in thermal conductivity depending on the lanthanum content.
Experimental: In the temperature range of 50–300 K, the thermal conductivity of single crystal Ba1–xLaxF2+x samples with 
lanthanum content from x = 0.001 to x = 0.300 was determined by the experimental method of long heat flow.
Conclusions: A monotonic concentration dependence of thermal conductivity has been revealed. A semi-empirical expression 
has been proposed to approximate the experimental values of thermal conductivity.
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1. Introduction
Bulk crystalline materials based on calcium, 

strontium, and barium fluorides doped with rare 
earth elements are widely used as functional 
elements of photonics, scintillators [1–5], and 
elements of passive and active optics [6–10], 
both in the form of single crystals [11] and optical 
ceramics [12]. Besides its use in photonics, these 
solid solutions are used as ionic conductors 
[13–22], ion batteries [13–24], and catalysts 
[25]. The thermal conductivity of good-quality 
optical ceramics is no different from that of 
single crystals, allowing a comparison of their 
characteristics [26].

For various applications, one of the key 
characteristics is thermal conductivity, as it 
determines the material’s ability to dissipate 
heat under various intense types of pumping. 
Solid solutions based on calcium, strontium, and 
barium fluorides, doped with rare earth elements, 
tend to form clusters of the R6F36 type [27–31], 
which leads to a complex dependence of thermal 
conductivity on temperature. This is expressed 
by the fact that with an increase in the content 
of rare earth elements and with an increase in 
temperature from 50 to 300 K, a change in the 
nature of the temperature dependence is observed. 
At low rare earth element concentrations and 
low temperatures, the temperature dependence 
is typical of a crystalline material. As the rare 
earth content increases at low temperatures, the 
temperature dependence becomes more glass-
like. Such complex behavior of the temperature 
dependence is extremely difficult to describe 
because the indicated patterns are observed for 
samples of the same solid solution with the same 
crystal structure. The best approximation based 
on a semi-empirical algorithm for describing the 
behavior of this type of materials was proposed 
in [32–33].

The processes of partial reduction of some 
trivalent ions to the divalent state (Sm, Eu, Dy, 
Yb, Tm) are often observed upon doping calcium, 
strontium, and barium fluorides with active rare 
earth ions [34–37]. To prevent this effect it was 
previously proposed to increase the complexity 
of the original matrix by adding optically inactive 
yttrium to the crystal composition. As a result, 
a new matrix for optical materials such as 
yttrofluorite (CaF2:Y) was developed [38]. In 

addition to yttrium, various studies have proposed 
the use of lanthanum [39], which is a more effective 
ion for preventing the reduction of triply charged 
ions and preventing cluster formation. To reduce 
multiphonon relaxation processes, it is desirable to 
use matrices with lower phonon energy, therefore 
a barium fluoride matrix was chosen in preference 
to calcium and strontium fluorides. 

The aim of the study was to investigate 
the patterns and mathematical description 
of the change in thermal conductivity in the 
temperature range of 50–300 K for the Ba1–xLaxF2+x 
solid solution with a rare earth element content 
from 0.1 to 30.0 mol %.

To approximate the experimental values of 
thermal conductivity in the temperature range, 
we tested a simple semi-phenomenological 
model, which is significantly simpler than 
existing ones. The approximation does not 
have a strict physical justification, but it makes 
it possible to reliably describe the dependence 
of thermal conductivity on temperature 
and is useful for improving the theoretical 
understanding of heat transfer processes in 
media with a complex structure.

2. Experimental 
Single crystals of Ba1–xLaxF2+x solid solutions 

(0.001 ≤ x ≤ 0.300) were grown by the Bridgman 
technique in a vacuum growth oven using an 
Ar and CF4 atmosphere in multi-cell graphite 
crucibles, allowing the growth of a concentration 
series of samples in one growth cycle. Barium 
fluoride (99.99 %, LANHIT) and lanthanum fluoride 
(99.99 %, LANHIT) were used as initial reagents.

The thermal expansion coefficient in the 
temperature range from 78 K to room temperature 
for samples containing 4, 10, and 20 mol % La 
was estimated based on the determination of 
the lattice parameters of the powders by the 
Debye-Scherrer method on a DRON-7.0 X-ray 
diffractometer (Burevestnik JSC, St. Petersburg, 
Russia) using an X-ray cryostat [40] in Cu‑Kα 
radiation with a wavelength of 1.54184 Å. 
Reflections from the {355} crystallographic 
plane were registered around diffraction angles 
of 146, 147, and 149°, respectively. The error 
in determining the lattice parameter over the 
entire temperature range studied did not exceed 
± 1·10–4 Å.
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Thermal conductivity in the temperature 
range of 50–300 K was measured using the 
absolute stationary longitudinal heat flux 
method. The equipment and measurement 
technique are described in [41]. The samples 
were cylindrical with 9.6 mm in diameter and 
22–26 mm in length. The thermal conductivity 
measurement error was within ±5 %.

3. Results
Prior to the study of the thermal and physical 

characteristics of Ba1–xLaxF2+x solid solutions, the 
dependences of the lattice parameter and thermal 
expansion coefficient in the temperature range of 
thermal conductivity measurements were studied. 
The experimental points of the lattice parameter 
a(T) for samples with a lanthanum content of 4, 10, 
and 20 mol. % are shown in Fig. 1. The behavior of 
a(T) was typical for crystalline materials without 
anomalies, which indicates the high quality of 
the samples. The values of the lattice parameter 
a at T = 300 K were 6.1864, 6.1661, and 6.1360 
Å for 4, 10, and 20 mol %, respectively. Data 
agree with the concentration dependence of a(x) 
proposed in [42]. From the a(T) data, the values 
of the thermal expansion coefficient (TEС) were 

calculated in accordance with the expression 

a = ◊D
D
a
T a

1
. Fig. 1 shows the calculation results 

in comparison with previously obtained TEC 
data for the Ba0.70La0.30F2.30 composition [43] 
and the BaF2 matrix [44]. The analysis of the 
results demonstrated that a significant effect of 
lanthanum addition on the TEС is observed only 
in the low temperature range. 

The thermal conductivity of Ba1–xLaxF2+x 
samples with x = 0.008, 0.120 in the low 
temperature region and x = 0.045, 0.330, 0.460 
with an increase in temperature to room 
temperature were studied [45–46]. Previously 
conducted studies [46–48] demonstrated that 
the thermal conductivity of the LaF3 crystal is 
significantly lower than that of BaF2.

The magnitude and temperature behavior 
of thermal conductivity are directly affected 
by heat capacity. Calorimetric studies of the 
Ba1–xLaxF2+x solid solution in the range T  ≤ 1 K 
were summarized in [45]. The heat capacity of 
the Ba0.70La0.30F2.30 crystal in the range of 63–313 
K was investigated in [49]. The heat capacity of a 
Ba0.51La0.49F2.49 sample in the range of 500–1000 K 

Fig 1. Temperature dependence of the lattice parameter and TEC of crystals of a Ba1–xLaxF2+x solid solution
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was measured [50]. In the temperature range from 
liquid nitrogen to room temperature, the effect of 
the LaF3 doping has a character close to additive.

The thermal conductivity of the Ba1–xLaxF2+x 
solid solution are presented graphically in Fig. 2 
and in numerical form in Table 1. Fig. 2 includes 
data of k(T) for previously studied samples using 
the experimental equipment and methods used in 
this study: BaF2 corresponding to the composition 
х = 0 [48], and samples with х = 0.25 and х = 0.30 
[51]. The markers in Fig. 2 show the experimental 
points k(T) while lines show the results of 
calculations using Formula 1 (see below). A 
comparison of our k(T) data with those presented 
graphically in [46] showed their close agreement.

An analysis of the results (Fig. 2) shows that 
the thermal conductivity value decreases sharply 
with an increase in the lanthanum content and 
the decreasing temperature dependence k(T) 
weakens and turns into a weakly increasing one. 
A similar effect of trivalent rare earth elements 
introduced into crystals with a fluorite structure 
has been discovered for many heterovalent solid 
solutions of the type M1–xRxF2+x, where M = Ca, Sr, 

Ba, Cd, R = REE [52–57]. This phenomenon was 
explained by the formation of large clusters of 
R6F36 defects, which are highly efficient phonon 
scattering centers. The thermal conductivity of 
highly concentrated samples is lower than that 
of quartz glass (k = 1.36 W·m-1·K-1) at T = 300 K 
[58]). Crystals of the Ba1–xLaxF2+x solid solution are 
characterized by high fluorine-ion conductivity, 
which increases with an increasing concentration 
of x [59–68]. The anticorrelation between the 
thermal conductivity and anionic conductivity 
of heterovalent solid solutions of fluorides 
with a fluorite structure, established in [69], 
is associated with the inelastic interaction of 
phonons and mobile fluorine ions. In accordance 
with the ion transport model proposed in [70], F– 
ions occupy interstitial positions in Ba1–xLaxF2+x 
crystal structure. A sharp decrease in thermal 
conductivity with a decrease in temperature to 
T = 50 K, as was noted for solid solutions of Сa1–

xYxF2+x [56, 71] and Ba0.50Ce0.50F2.50 [51], was not 
observed for Ba1–xLaxF2+x crystals. Monotonic 
increasing dependence k(T) occurs only for one 
composition with the maximum lanthanum 

Fig. 2. Temperature dependence of thermal conductivity of single crystals of a Ba1–xLaxF2+x solid solution (in 
the legend the La content is in mol %)

Condensed Matter and Interphases / Конденсированные среды и межфазные границы  	 2026;28(1): 92–102

P. A. Popov et al.	 Semi-empirical description of the regularity of change in thermal conductivity...



96

content of x = 0.30. Obviously, a sharp decrease 
in the thermal conductivity of the crystals of this 
solid solution will occur with a more significant 
decrease in temperature. For three highly 
concentrated compositions (x = 0.25, x = 0.20, 
x = 0.13), the k(T) curves have weakly defined 
minima, while for all other samples the k(T) 
dependence is monotonously decreasing. 

The concentration dependences of the thermal 
conductivity of the Ba1–xLaxF2+x solid solution for 
temperatures (T = 50 K and T = 300 K) were shown 
in Fig. 3. Data analysis demonstrated that the 
k(x) dependences are monotonic, allowing one 
to fairly confidently estimate the values of the 
thermal conductivity coefficient for intermediate 
(not studied) compositions.

Comparison between the concentration 
dependences of thermal conductivity k(x) for 
the Ba1–xLaxF2+x solid solution and the previously 
studied close analogue Ba1–xYbxF2+x with an 
ytterbium content of up to x = 0.06 (Fig. 4) [48] 
was carried out. The thermal conductivity of 
Ba1–xLaxF2+x crystals significantly exceeds that 
of the corresponding Ba1–xYbxF2+x compositions 
due to size and weight factors. The radius of the 
barium cation is larger than that of lanthanum 
and ytterbium while the size of the lanthanum 
cation is larger than that of ytterbium [72]. 
Furthermore, the atomic masses of Ba and La are 
close and significantly smaller than the mass of 
Yb. As a result, the intensity of phonon-defect 
scattering in the case of the Ba1–xYbxF2+x solid 

solution will be higher, and, consequently, the 
thermal conductivity will be lower than in the 
case of the Ba1–xLaxF2+x solid solution with more 
homogeneous in cationic characteristics. 

The experimental values of thermal 
conductivity k(T) for studied Ba1–xLaxF2+x crystals 
was described by expression (1) [33] based on the 
specific thermal resistance w = 1/k of heterovalent 
solid solutions. It allows one to satisfactorily 
approximate the experimental values of k(T) 
for Ca1–xYxF2+x [71], Ca1–xYbxF2+x [33], and Ca1–x–

ySrxNdyF2+y solid solutions [73]. The expression 
has the form: 

1 1

0 0
2k

A

k
d

k d

A
D BT CT

=
-( )

◊
Ê

Ë
Á

ˆ

¯
˜

+
+ +

b
b

arctan

.	 (1)

Here A is the contribution of thermal resistance 
associated with the introduction of trivalent rare 
earth ions and the formation of defect clusters 
(“amorphous component”); β is a parameter 
depending on the type of rare earth impurity; 
k0 is the thermal conductivity coefficient of the 
undoped crystal; d is the concentration of the rare 
earth impurity (in the case of a two-component 
solid solution Ba1–xLaxF2+x it is equal to the mole 
fraction x); T is the temperature in K. Parameters 
D, B, and C are coefficients of the polynomial 
describing the “amorphous component” of the 
thermal conductivity coefficient and have no 
explicit physical meaning. The phonon heat 

Table 1. Thermal conductivity values (W/(m·K) at different temperatures

Lanthanum 
content х mol. 

fraction

Temperature, K

50 100 150 200 250 300

0.001 62.1 21.8 13.1 9.42 7.36 6.20
0.005 39.9 16.6 10.6 8.11 6.56 5.66
0.01 28.3 13.3 9.08 7.03 5.87 5.10
0.02 13.8 7.91 6.06 5.01 4.42 3.98
0.03 7.86 5.62 4.61 4.00 3.63 3.35
0.04 5.67 4.56 3.86 3.44 3.17 2.95
0.06 3.34 3.03 2.79 2.59 2.44 2.33
0.08 2.30 2.18 2.09 2.03 1.98 1.95
0.10 1.83 1.79 1.76 1.74 1.73 1.72
0.13 1.50 1.48 1.49 1.49 1.50 1.52
0.20 1.21 1.16 1.18 1.20 1.23 1.26
0.25 0.904 0.898 0.936 0.976 1.03 1.08
0.30 0.828 0.865 0.893 0.914 0.929 0.939
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Fig. 3. Concentration dependence of thermal conductivity of a Ba1–xLaxF2+x solid solution for different tempera-
tures

Fig. 4. Comparison of concentration dependences of thermal conductivity of Ba1–xLaxF2+x and Ba1–xYbxF2+x solid 
solutions (vertical frames correspond to the measurement error of thermal conductivity ± 5 %)
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transfer model developed for single crystals 
is also conditionally applicable to amorphous 
media. In these media, the mean free path of 
phonons reaches its minimum value.

An approximation of the experimental data 
made it possible to achieve agreement with the 
corresponding calculated values of k(T) at β = 1. 
As the coefficient k0 for a nominally pure BaF2 
crystal, an approximating expression of the form 
was used:

k
T

T0
11 49 1184

91 6= + Ê
ËÁ

ˆ
¯̃

-. exp
.

	 (2).

The values of parameters A, B, C, and D for 
different compositions are given in Table 2. Their 
concentration dependences are summarized 
in Fig. 5. It is evident that the main changes 
in the values of these parameters occur within 
the concentration range 0 < x < 10 mol %. At 
lanthanum concentrations greater than 10 mol %, 

Table 2. The values of parameters A, B, C and D included in expression 1

LaF3 content, mol % A C, W·m–1·K–3 B, W·m–1·K–2 D, W·m–1·K–1

0.1 0.10 1.099·10–4 –5.841·10–2 11.33
0.5 0.15 1.137·10–4 –5.503·10–2 9.599
1 0.22 1.030·10–4 –5.068·10–2 9.056
2 0.33 5.769·10–5 –2.848·10–2 5.762
3 0.40 2.823·10–5 –1.452·10–2 3.849
4 0.45 1.510·10–5 –8.498·10–3 3.013
5 0.51 2.453·10–6 –1.978·10–3 1.835
8 0.56 1.732·10–6 –7.156·10–4 1.338

10 0.60 5.520·10–7 6.453·10–5 1.105
13 0.63 6.887·10–7 2.401·10–4 0.9337
20 0.70 1.993·10–6 –1.892·10–4 0.8403
25 0.73 2.161·10-6 1.266·10-5 0.6490
30 0.76 -1.088·10-6 8.417·10-4 0.5947

Fig. 5. Concentration dependences of the coefficients of the polynomial A, B, C, and D describing the “amor-
phous component”
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the temperature dependences of the thermal 
conductivity of Ba1–xLaxF2+x crystals practically 
disappear. To approximate the parameter A(d), 
the formula A = 1 + 0.16·ln (0.8d) was used. Its 
largest value is obviously lower than Amax = 1, 
which corresponds to the intended relative 
meaning of this parameter.

4. Conclusion
For the first time, the thermal conductivity 

of single-crystal samples of the heterovalent 
solid solution Ba1–xLaxF2+x (0 ≤ x ≤ 0.30) was 
experimentally studied in the temperature range 
of 50–300 K. It was noted that with increasing 
La content, the thermal conductivity decreases 
monotonically, and its temperature dependence 
changes from a strong decrease to a weak 
increase. Samples with high lanthanum content 
demonstrated thermal conductivity values close 
to those of optical glasses. The experimental 
results were accurately described by a semi-
empirical expression that takes into account the 
contribution of the crystalline and amorphous 
components to the thermal resistance of the 
heterovalent solid solution. The values of the 
thermal expansion coefficient of Ba1–xLaxF2+x 
crystals, experimentally determined in the 
temperature range (from liquid nitrogen to room 
temperature), have noticeable differences from 
the thermal expansion coefficient for the BaF2 
matrix only at low temperatures.
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